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Theorems and Conjectures 

Mathematical knowledge is based on theorems, i.e. significant mathematical statements that 

have been proved to be true (think about Pythagoras’ theorem for example). 

Scientific theories are analogous to mathematical conjectures, i.e. a statement that 

mathematicians have reason to believe may be true, but has not been proved definitely. One of 

the most famous mathematical conjecture is the Goldbach conjecture, named after the 

eighteenth-century mathematician Christian Goldbach: 

Every even integer greater than 2 can be expressed as the sum of two prime numbers. 

The Goldbach conjecture seems likely to be true; in fact, it has been shown to be trues for every 

integer up to 4 × 10ଵ଼. However, it is still, at present, unproven. There may, in fact, be a large 

even integer that cannot be expressed as the sum of two prime numbers. 

Mathematical proofs enables mathematics to be a robust system of knowledge that cannot be 

falsified, and any proven result can be used to help establish further results, adding to this 

system of knowledge. 

Unambiguous language and valid logic to prove mathematical statements 

A mathematical statement is defined to be an assertion: 

1) that is either true of false, e.g.: 

the number 7 is prime 

all multiples of 10 are also multiple of 5 

2) involving one or more variables that becomes true of false whenever values are substituted 

for the variable, e.g.: 

𝑛 is a multiple of 5 

𝑥ଶ < 20 

To prove mathematical statements, it is important to use clear, unambiguous language and valid 

logic. 

Negating statements 

The negation of a mathematical statement is the statement that is true precisely when the 

original statement is false, and vice-versa, e.g.: 

the negation of the statement  𝑥 > 0  is  𝑥 ≤ 0 

As a general rule, the negation of a statement can be obtained by preceding the statement with 

the phrase “it is not the case that”, e.g. if 𝑛 represents an integer, then the negation of the 

statement “𝑛 is an even number” is “it is not the case that 𝑛 is an even number” which is 

equivalent to saying that 𝑛 is an odd number. 

If 𝑃 represents any statement, then the negation of 𝑃 can be written as  ¬𝑃,  ~𝑃  or simply 𝑛𝑜𝑡 𝑃 
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The negation of statements involving the words ‘and’ or ‘or’ can sometimes cause confusion. 

Consider negating the statement ‘either 𝑥 = 5 or 𝑥 = 7’. If it not the case that 𝑥 is equal to 5 or 7, 

then it must be the case that 𝑥 ≠ 5 and 𝑥 ≠ 7. 

Example: the negation of the statement ‘𝑥 > 0 𝑎𝑛𝑑 𝑥 < 10’ is ‘𝑥 ≤ 0 𝑜𝑟 𝑥 ≥ 10’ 

 

Generally: 

The negation of ‘𝑃 𝑎𝑛𝑑 𝑄’ is ‘𝑛𝑜𝑡 𝑃 𝑜𝑟 𝑛𝑜𝑡 𝑄’ 

The negation of ‘𝑃 𝑜𝑟 𝑄’ is ‘𝑛𝑜𝑡 𝑃 𝑎𝑛𝑑 𝑛𝑜𝑡 𝑄’ 

These are known as de Morgan’s laws. 

 

Statements involving quantifiers 

The symbol  ∈  is used to mean “belonging to”, e.g.: 

𝑥 ∈ ℝ  means  𝑥 belonging to ℝ (the set of real numbers) 

𝑥 ∈ ℤ  means  𝑥 belonging to ℤ (the set of integers) 

 

The symbol  ∀  is used to mean “for all”, e.g.: 

∀ 𝑥 ∈ ℕ  means  for all 𝑥 belonging to ℕ (the set of natural numbers) 

∀ 𝑥 ∈ ℚ  means  for all 𝑥 belonging to ℚ (the set of rational numbers) 

∀ 𝑥 ∈ ℝ, 𝑥ଶ ≥ 0 means  for all 𝑥 belonging to ℝ, 𝑥ଶ is positive. 

 

The symbol  ∃  is used to mean “there exists”. 

∃ 𝑛 such that 𝑛ଶ = 9 means  there exists 𝑛 such that 𝑛ଶ = 9 
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Examples and Counterexamples 
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Negating statements involving quantifiers 

 

 

 

Conditional statements 
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The implication symbol ⇒ 

The implication symbol, ⇒, is used to mean ‘implies that’, e.g: 

𝑛 is a multiple of 10 ⇒ 𝑛 is an even number 

 

 

 

 

The converse of a conditional statement 
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The contrapositive of a conditional statement 
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Logically equivalent statements – The symbol ⟺ 

 

 
 

The symbol ⟺ is used to denote logical equivalence, e.g.: 

𝑥 = 5 ⟺ 2𝑥 = 10 

 

 
 

 


