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If  𝑓(𝑥) = 𝑢(𝑥) × 𝑣(𝑥) then  𝑓ᇱ(𝑥) = 𝑢(𝑥) 𝑣′(𝑥) + 𝑣(𝑥) 𝑢′(𝑥) 

 

or noted in a simplified way:  (𝑢𝑣)′ = 𝑢𝑣′ + 𝑣𝑢′ 

 

Proof: 

Let 𝑓(𝑥) = 𝑢(𝑥) × 𝑣(𝑥) 

By definition: 𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→

(௫ାℎ)ି(௫)

ℎ
 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→

൜
𝑢(𝑥 + ℎ)𝑣(𝑥 + ℎ) − 𝑢(𝑥)𝑣(𝑥)

ℎ
ൠ 

We subtract and add the term 𝑢(𝑥 + ℎ)𝑣(𝑥) to the numerator. 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→

൜
𝑢(𝑥 + ℎ)𝑣(𝑥 + ℎ) − 𝑢(𝑥 + ℎ)𝑣(𝑥) + 𝑢(𝑥 + ℎ)𝑣(𝑥) − 𝑢(𝑥)𝑣(𝑥)

ℎ
ൠ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→

ቊ
𝑢(𝑥 + ℎ)[𝑣(𝑥 + ℎ) − 𝑣(𝑥)] + 𝑣(𝑥)[𝑢(𝑥 + ℎ) − 𝑢(𝑥)]

ℎ
ቋ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→

ቊ𝑢(𝑥 + ℎ)
[𝑣(𝑥 + ℎ) − 𝑣(𝑥)]

ℎ
+ 𝑣(𝑥)

[𝑢(𝑥 + ℎ) − 𝑢(𝑥)]

ℎ
ቋ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→

ቊ𝑢(𝑥 + ℎ)
[𝑣(𝑥 + ℎ) − 𝑣(𝑥)]

ℎ
ቋ + 𝑙𝑖𝑚

ℎ→
ቊ𝑣(𝑥)

[𝑢(𝑥 + ℎ) − 𝑢(𝑥)]

ℎ
ቋ 

But 𝑙𝑖𝑚
ℎ→

𝑢(𝑥 + ℎ) = 𝑢(𝑥) so: 

𝑓ᇱ(𝑥) = 𝑢(𝑥) × 𝑙𝑖𝑚
→


𝑣(𝑥 + ℎ) − 𝑣(𝑥)

ℎ
൨ + 𝑣(𝑥) × 𝑙𝑖𝑚

→

𝑢(𝑥 + ℎ) − 𝑢(𝑥)

ℎ
൨ 

 

Therefore: 𝑓ᇱ(𝑥) = 𝑢(𝑥) 𝑣′(𝑥) + 𝑣(𝑥) 𝑢′(𝑥) 

In simplified notation: (𝑢𝑣)′ = 𝑢𝑣′ + 𝑣𝑢′  referred to as the“product rule” 

 

Example: if  𝑓(𝑥) = (4𝑥ହ + 2𝑥)൫2√𝑥 − 𝑥ଶ൯ let: 𝑢(𝑥) = 4𝑥ହ + 2𝑥    and 𝑣(𝑥) = 2√𝑥 − 𝑥ଶ 

then : 𝑢′(𝑥) = 20𝑥ସ + 2  and  𝑣ᇱ(𝑥) = 2 ×
ଵ

ଶ
𝑥

భ

మ
ିଵ − 2𝑥 = 𝑥ି

భ

మ − 2𝑥 =
ଵ

√௫
− 2𝑥 

therefore 𝑓ᇱ(𝑥) = (4𝑥ହ + 2𝑥) ቀ
ଵ

√௫
− 2𝑥ቁ + ൫2√𝑥 − 𝑥ଶ൯(20𝑥ସ + 2) 

 


