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If 𝑓(𝑥) = 𝑥௡  then  𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
௛→଴

௙(௫ା௛)ି௙(௫)

௛
= 𝑙𝑖𝑚

௛→଴

(௫ା௛)೙ି௫೙

௛
 

 

But: 𝑎௡ − 𝑏௡ = (𝑎 − 𝑏)(𝑎௡ିଵ + 𝑎௡ିଶ𝑏 + 𝑎௡ିଷ𝑏ଶ + ⋯ + 𝑎ଶ𝑏௡ିଷ + 𝑎𝑏௡ିଶ + 𝑏௡ିଵ) 

Proof: 

 𝑎௡ିଵ 𝑎௡ିଶ𝑏 𝑎௡ିଷ𝑏ଶ … … 𝑎ଶ𝑏௡ିଷ 𝑎𝑏௡ିଶ 𝑏௡ିଵ 

𝑎 𝑎௡ 𝑎௡ିଵ𝑏 𝑎௡ିଶ𝑏ଶ … … 𝑎ଷ𝑏௡ିଷ 𝑎ଶ𝑏௡ିଶ 𝑎𝑏௡ିଵ 

−𝑏 −𝑎௡ିଵ𝑏 −𝑎௡ିଶ𝑏ଶ −𝑎௡ିଷ𝑏ଷ … … −𝑎ଶ𝑏௡ିଶ −𝑎𝑏௡ିଵ −𝑏௡ 
(the terms of same colour cancel each other) 

 

Therefore: 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→0

(𝑥 + ℎ − 𝑥)[(𝑥 + ℎ)𝑛−1 + (𝑥 + ℎ)𝑛−2𝑥 + (𝑥 + ℎ)𝑛−3𝑥2+. . . +(𝑥 + ℎ)2𝑥𝑛−3 + (𝑥 + ℎ)𝑥𝑛−2 + 𝑥𝑛−1]

ℎ
 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

ℎ[(𝑥 + ℎ)௡ିଵ + (𝑥 + ℎ)௡ିଶ𝑥 + (𝑥 + ℎ)௡ିଷ𝑥ଶ+. . . +(𝑥 + ℎ)ଶ𝑥௡ିଷ + (𝑥 + ℎ)𝑥௡ିଶ + 𝑥௡ିଵ]

ℎ
 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

[(𝑥 + ℎ)௡ିଵ + (𝑥 + ℎ)௡ିଶ𝑥 + (𝑥 + ℎ)௡ିଷ𝑥ଶ+. . . +(𝑥 + ℎ)ଶ𝑥௡ିଷ + (𝑥 + ℎ)𝑥௡ିଶ + 𝑥௡ିଵ] 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

{[𝑥௡ିଵ + ℎ𝜀ଵ(𝑥)] + [𝑥௡ିଵ + ℎ𝜀ଶ(𝑥)] + [𝑥௡ିଵ + ℎ𝜀ଷ(𝑥)]+. . . +[𝑥௡ିଵ + ℎ𝜀௡ିଷ(𝑥)]

+ [𝑥௡ିଵ + ℎ𝜀௡ିଶ(𝑥)] + [𝑥௡ିଵ]} 

where 𝜀ଵ, 𝜀ଶ, 𝜀ଷ, … , 𝜀௡  are all functions of 𝑥. 

𝑓ᇱ(𝑥) = lim
ℎ→଴

{𝑛 × 𝑥௡ିଵ + ℎ × [𝜀ଵ(𝑥) + 𝜀ଶ(𝑥) + 𝜀ଷ(𝑥) + ⋯ + 𝜀௡(𝑥)]} 

 

So 𝑓ᇱ(𝑥) = 𝑛𝑥௡ିଵ as the term ℎ × [𝜀1(𝑥) + 𝜀2(𝑥) + 𝜀3(𝑥) + ⋯ + 𝜀𝑛(𝑥)] tends towards 0. 

Therefore  if 𝑓(𝑥) = 𝑥௡  then  𝑓ᇱ(𝑥) = 𝑛𝑥௡ିଵ 

Example: if 𝑓(𝑥) = 𝑥଺ then 𝑓ᇱ(𝑥) = 6𝑥ହ 

This rule can be extended when 𝑛 is NOT an integer. 

Example: if 𝑓(𝑥) = √𝑥
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Derivative of a function multiplied by a constant 𝒇(𝒙) = 𝒌 𝒈(𝒙) 

If 𝑓(𝑥) = 𝑘 𝑔(𝑥)  where  k  is a constant 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= 𝑙𝑖𝑚

ℎ→଴

𝑘 𝑔(𝑥 + ℎ) − 𝑘 𝑔(𝑥)

ℎ
= 𝑘 × 𝑙𝑖𝑚

ℎ→଴

𝑔(𝑥 + ℎ) − 𝑔(𝑥)

ℎ
= 𝑘 × 𝑔ᇱ(𝑥) 

Therefore if  𝑓(𝑥) = 𝑘 × 𝑔(𝑥)  then  𝑓ᇱ(𝑥) = 𝑘 × 𝑔ᇱ(𝑥) 

 

Example: if  𝑓(𝑥) = 3𝑥  then  𝑓ᇱ(𝑥) = 3 

 

Derivative of the sum of two functions 𝒇(𝒙) = 𝒈(𝒙) + 𝒉(𝒙) 

If 𝑓(𝑥) = 𝑔(𝑥) + ℎ(𝑥) 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= 𝑙𝑖𝑚

ℎ→଴

[𝑔(𝑥 + ℎ) + ℎ(𝑥 + ℎ)] − [𝑔(𝑥) + ℎ(𝑥)]

ℎ
 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

𝑔(𝑥 + ℎ) − 𝑔(𝑥) + ℎ(𝑥 + ℎ) − ℎ(𝑥)

ℎ
 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

𝑔(𝑥 + ℎ) − 𝑔(𝑥)

ℎ
+ 𝑙𝑖𝑚

ℎ→଴

ℎ(𝑥 + ℎ) − ℎ(𝑥)

ℎ
 

Therefore if  𝑓(𝑥) = 𝑔(𝑥) + ℎ(𝑥)  then  𝑓ᇱ(𝑥) = 𝑔′(𝑥) + ℎ′(𝑥) 

 

Example: if  𝑓(𝑥) = 4𝑥 + 2  then  𝑓ᇱ(𝑥) = (4𝑥)′ + (2)′ = 4 + 0 = 4 

 


