
DERIVATIVE OF  QUOTIENT OF TWO FUNCTIONS (“quotient rule”) 

Section 10 - Page 1 of 1 

If  𝑓(𝑥) =
௨(௫)

௩(௫)
  then  𝑓ᇱ(𝑥) =

௨′(௫) ௩(௫) ି ௩′(௫) ௨(௫)

[௩(௫)]మ  

or noted in a simplified way:  ቀ
௨

௩
ቁ

ᇱ
=

௨ᇲ ௩ ି ௩ᇲ ௨

௩మ  

Proof: 

Let 𝑓(𝑥) =
௨(௫)

௩(௫)
  By definition: 𝑓ᇱ(𝑥) = 𝑙𝑖𝑚

ℎ→଴

௙(௫ାℎ)ି௙(௫)

ℎ
 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
௛→଴

൞

𝑢(𝑥 + ℎ)
𝑣(𝑥 + ℎ)

−
𝑢(𝑥)
𝑣(𝑥)

ℎ
ൢ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

1

ℎ
൜
𝑢(𝑥 + ℎ)𝑣(𝑥) − 𝑢(𝑥) 𝑣(𝑥 + ℎ)

𝑣(𝑥 + ℎ)𝑣(𝑥)
ൠ 

We subtract and add the term 𝑢(𝑥) 𝑣(𝑥) to the numerator. 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

1

ℎ
൜
𝑢(𝑥 + ℎ)𝑣(𝑥) − 𝑢(𝑥)𝑣(𝑥) + 𝑢(𝑥)𝑣(𝑥) − 𝑢(𝑥) 𝑣(𝑥 + ℎ)

𝑣(𝑥 + ℎ)𝑣(𝑥)
ൠ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

1

ℎ
൜𝑣(𝑥) ൤

𝑢(𝑥 + ℎ) − 𝑢(𝑥)

𝑣(𝑥 + ℎ)𝑣(𝑥)
൨ − 𝑢(𝑥) ൤

𝑣(𝑥 + ℎ) − 𝑣(𝑥)

𝑣(𝑥 + ℎ)𝑣(𝑥)
൨ൠ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

1

𝑣(𝑥 + ℎ)𝑣(𝑥)
൜𝑣(𝑥) ൤

𝑢(𝑥 + ℎ) − 𝑢(𝑥)

ℎ
൨ − 𝑢(𝑥) ൤

𝑣(𝑥 + ℎ) − 𝑣(𝑥)

ℎ
൨ൠ 

𝑓ᇱ(𝑥) = 𝑙𝑖𝑚
ℎ→଴

1

𝑣(𝑥 + ℎ)𝑣(𝑥)
൜𝑣(𝑥) ൤

𝑢(𝑥 + ℎ) − 𝑢(𝑥)

ℎ
൨ൠ

− 𝑙𝑖𝑚
ℎ→଴

1

𝑣(𝑥 + ℎ)𝑣(𝑥)
൜𝑢(𝑥) ൤

𝑣(𝑥 + ℎ) − 𝑣(𝑥)

ℎ
൨ൠ 

𝑓ᇱ(𝑥) =
௩(௫)

[௩(௫)]మ
𝑙𝑖𝑚
௛→଴

ቂ
௨(௫ା௛)ି௨(௫)

௛
ቃ −

௨(௫)

[௩(௫)]మ
𝑙𝑖𝑚
௛→଴

ቂ
௩(௫ା௛)ି௩(௫)

௛
ቃ      as 𝑙𝑖𝑚

ℎ→଴
𝑣(𝑥 + ℎ) = 𝑣(𝑥) 

Therefore: 𝑓ᇱ(𝑥) =
௩(௫)

[௩(௫)]మ 𝑢′(𝑥) −
௨(௫)

[௩(௫)]మ 𝑣′(𝑥) 

Therefore: 𝑓ᇱ(𝑥) =
𝑢′(𝑥) 𝑣(𝑥)−𝑣′(𝑥) 𝑢(𝑥)

[𝑣(𝑥)]2  

In simplified notation:  ቀ
௨

௩
ቁ

ᇱ
=

௨ᇲ ௩ ି ௩ᇲ ௨

௩మ  referred to as the“quotient rule” 

 

Example: if  𝑓(𝑥) =
ଷ௫ି଻

௫మାଵ
 let: 𝑢(𝑥) = 3𝑥 − 7    and 𝑣(𝑥) = 𝑥ଶ + 1 

then : 𝑢′(𝑥) = 3  and  𝑣ᇱ(𝑥) = 2𝑥 + 1 

and therefore: 𝑓ᇱ(𝑥) =
ଷ൫௫మାଵ൯ି(ଶ௫ାଵ)(ଷ௫ି଻)

(௫మାଵ)మ   which simplifies as: 𝑓ᇱ(𝑥) =
ିଷ௫మାଵଵ௫ା

(௫మାଵ)మ  


