EXPANSION OF (x + y)™ - PASCAL’S TRIANGLE - BINOMIAL THEOREM

By multiplying to expand the brackets, it can be shown that (x + y)" is equal to the following:

n=0 x+y)°=1

n=1 x+y)l=x+y

n=2 (x+y)? =x%+2xy +y?

n=3 (x+y)3 =x3+3x%y + 3xy? +y3

n=4 (x+y)* =x* +4x3y + 6x2y? + 4xy3 + y*

n=>5 (x +y)° = x5 + 5x*y + 10x3y? + 10x2y3 + 5xy* + y°

n==6 (x +y)® = x° + 6x°y + 15x*y? + 20x3y3 + 15x2y* + 6xy° + y°©

The coefficients of the(x + y)® successive powers of the expansion of (x + y)can be arranged in a
triangular pattern called Pascal’s triangle?, as shown below.

(x+y)° 1

(x+»)? 1 1

(x +y)? 1 2 1

(x + y)3 1 3 3 1
(x+»)* 1 -4 6 4 |

.

G+ 9)° 1 5 @_ 10 5 I
»

Gty 1 6 © G 15 6

In fact, all these coefficients can also be written as combinations, as follows:

n=0 °Co
= 1CO 1C1
n=2 2CO ZC]. ZCZ
n=3 >Co °Cy °Cy °Cs
= *C, ¢, *c, *Cs ',
n=>5 °Co °Cy °Cy °Cy °Cy °Cs
- °C, °c °c, °Cs °C, °Cs °Cé

Therefore, it seems we can write the general expansion of (x + y)™ as:

n

Ce+)" = ) G an yk

k=0

This is known as the binomial theorem (to be formally demonstrated later).

1 after the French mathematician Blaise Pascal, although this was studied it centuries before him in India (by Pingala
circa 200 AD), Persia [now Iran, by Al-Karaji (953-1029)], China [Jia Xian(1010-1070)], Germany, and Italy
(https://en.wikipedia.org/wiki/Pascal%Z27s_triangle)
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Example 32
Write the expansion of (1 + 2x)*, using Pascal’s triangle to obtain the coefficients.
Solution
Write:  (1+2x)*="C,+"C,(2%)" +°C,(2x)" + *C,(2x)’ + *C,(20)*
From Pascal’s triangle: ‘C,=1,'C,=4,'C,=6,"C,=4,"C,=1
(1+2x)'=1+4%2x+6Xx4x" +4 x 8% +1 x 16x*
=1+8x+24x" +32x + 16x*

Example 33

Write the expansion of (1 — x)’.
Solution
Write:  (1-x)*="C,+°C,(=x)"' +°C,(—x)* +°C,(=x)’
From Pascal’s triangle: °C,=1,C,=3,%C,=3,C,=1
(1-xP=1+3X(=x)+3Xx"+1x(=x)
=1-3x+3¢-x

Example 35

Find the coefficient of a* in (1 + 5a)°.

Solution
For the expansion, you can write T, =°C,, T,="C,(5a)" and so on, leading to the general term T, ,, =°C (5a)".
For the term in a*, r= 4: T.= 5C4(5a)" =5x5'"=31254"

Hence the coefficient of a* is 3125.

Example 36

5 5
Use the expansion of (I —%) to find an approximation for (%J correct to four decimal places.

Solution

This can be written as an expansion: b i = l——1~ i
E “1700) =\ " 100

1 1 1
=l—5xm+10x1002—1l)x1003+...
_1_i+ 100 10 v
~ 100 10000 1000000 "

=1-0.05+0.001=0.00001+...
= 0.9510

As the accuracy is only to four decimal places, the terms smaller than 0.00001 are insignificant and can
be ignored.

5
(%) =0.9510 correct to four decimal places.
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PROOF BY INDUCTION OF THE BINOMIAL THEOREM:

n

n!
For any positive integern:  (x + y)" =Z "Cp xR Yk where:  "'C, = ————
(n—FKk)! k!
k=0
Step 1: We demonstrate it is true forn = 1
1
Forn=1,(x+y)'=x+y whereas: (x+y)1=z 1c, x17kyk
k=0
1 1 1-0 ,,0 1! 1-1,,1
CH=asore Y tacornt Y
(+)1—1! ><1+1! 0yt = + 11>< =x+
SRR TR T ot Y Tix1 TIxt YT

Therefore (x + y)® = Y%_, "C; x™ ¥ y* isindeed true forn = 1

Step 2: We demonstrate that if it is true for (n — 1), then it is true for n.

n—-1
Suppose it is true for (n — 1): (x+y)t= Z n=ie, x(-D-k yk
n-1 =0
G+ = (b PG+ )" = (o) [ )17 x K yk
k=0
n-1
(x + y)n = x [Z n-— 1C x(n 1)-k yk +y Z n—1Ck x(n—l)_k y"
k=0
n-1 n—-1
(x + y)n — Z n—lck X k yk Z n—lck x(n—l)—k yk+1
k=0 k=0
n-1 n—1

x+y)"= z n_le xk yk 4 z "_16']- x(M—D-J yj+1 we just replaced the letter k by the

letter j in the second expression

k=0 j=0
n-1
(x + y)n — Z n—1Ck X"k k Z n-— 1Cj+1_1 xn—(j+1) yj+1
k=0

Now in the 2" term, we substitute j + 1 = k and therefore, when j = 0, then k = 1, and when j =
n—1,thenk =n

n-1 n
G +y)" = Z "G xR Yk + z "Gy X YK
k=0 k=1
n-1 n—1
(x+y)"= [”‘160 xmy% + Z 0 xR yk |+ Z MG xR yk e, Xy
k=1 k=1
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r n-1 n—1
_ | (r—D)! n—-1 —k Lk n—-1 —k 4k (n—1)!
(x+y)"= ()!(n_l)!x”+kz1 Cp x™ " y* + kZl Cr1 x™" "y +—0!(n_1)!y"
n-1 n-1
(x+y)"=[x"+ z o, xR yk |+ z e xRyl 4yn
i k=1 k=1

n-1 n-1
(x+y)"=x"+ 2 e, xR gk 4 z O xRy 4 yn
k=1 k=1

n-1
(x+y)" =x"+ Z[“‘lck + "7 g [ R yE £y

k=1

Now it can be demonstrated (see footnote') that "~*C;, + ""1C,_; = "Cy

n-1
(x+y)" = e + z n—!x""‘y" + n—!y
o™ " Lk (- k) i ol
n

n

Therefore:  (x + y)" = Z TCy xR Yk
k=0

Soif (x +y)" = Y%, "Cy x™ ¥ y* is true for (n — 1), then it is true for n.

Step 3:

e At Step 1, we proved that (x +y)* = Y1_, "C, x" % y* is true forn = 1

e At Step 2, we proved that if (x +y)® = Y¥?_, "C, x™ ¥ y* is true for (n — 1) then it is true
forn

e Therefore, by mathematical induction, it must be true for n = 2, and then for n = 3, forn = 4,
etc., i.e. it is true for any positive integer n

(n—-1)! (n-1)! (-1 (n—1)!
(n—-1-K)k! ' [n-1-(k—=D]! (k=1)!  (n=1-k)'k! = (n—k)! (k=1)!

in—].Ck + TL—ICk_l —
n—k)(n—-1! k(n—1)! _(m=-k)(m-1! k(n-1)
m=—k)(n—1-k'k! k(n—-k!'(k-1!  (n—k)! k! (n—k)! k!

nn—D!I—-kn-1) kn-1)!
(n—k)! k! (n—k)! k! we expanded the first term

n—le + 7’l—lcwk_1 —

Tl—le + ‘n.—le_l —

n—k(n-1)! kn-1)!

n—lC Tl—lC =
et k-1 m—k)!'kl  (m—k)! k!

nl—kn-D'+kn-1)!
k!'(n—k)!

n—le + n—le_l —

n!

P "Cy therefore: "‘1Ck + n_ICk_l = "Cy

n—le + 7’l—lcwk_1 —
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