VECTORS IN COMPONENT FORM

A unit vector is a vector with a magnitude of one unit. To obtain a unit vector from a given vector, divide that vector
by its own magnitude.

If vector @ has a magnitude of lg} then a unit vector in the direction of @, denoted by 4, can be found by dividing
vector a by its own magnitude|a|. That is,a = I—"‘-[.
a

y
. . . : E ._a .
The unit vector in the direction of a is denoted @, wherea = |—'[ and|d|=1 54
a
a 41
314
Recall that a vector can be represented as an ordered pair (x, y) or as a column 24 3
x 1
vector( } where the first value represents the distance parallel to the x-axis and the ! 2
y —t—t d—i
0 x
second value the distance parallel to the y-axis. Bt A el VU R
This information can also be defined using the vectors i and j, where i is a vector of -2 4
magnitude one unit in the positive x-direction and J is a vector of one unit magnitude 34
in the positive y-direction. The vectors i and j are unit vectors.

2
For example, the vector a defined by the coordinates (2, 5) or the column vector [ 5 ) can be written as a = 2 +5.

y
i . xi 4y
The form g = xi + yj is called component form or i, j form of a ~ 2
vector. The vector @ may also be represented in column
x )
vector form as
y
. -
0 xi x
Example 10 y
Express the vector @ in component form. ‘\2\
..\g
S o NI 1%
a4
-2 4
Solution s
Vectors are drawn from the tail of the vector across and then 2%
up (or down) to meet the head of the original vector, labelled \
as xi and yj. 4 \e
Oiginal vector in terms of the components xi + yj: a=-3i+4j R ol Ny ¥
-1 4
3
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VECTORS IN COMPONENT FORM

Magnitude of a vector in component form ¥

To find the magnitude in component form you can use Pythagoras’ theorem,

as the components form a right-angled triangle. For example, ) L5
ifa=5i-2 R g

la]= 5% +(-2)° B B .
=29

When finding the magnitude of a vector, use only the positive square root value.

Resolving vectors into component form

If a vector a of magnitude |a| makes an angle 8 with the positive x-axis, 4

then: a =|a| cos8i +|a|sin@). i

‘The horizontal component of the vector a is |a|cos@i and the vertical a L.
component is "3 [sin8j. / lalsin(8) J
The process of specify-ing a vector of known magnitude and direction in

component form is called resolving the vector. o

Ol lajcost) i x

Example 11
Resolve the vector a into component form a = xi + yj, given a has a magnitude of 6 units and has a direction
of 50° to the positive x-axis. Give answers correct to two decimal places.

Solution
|a]=6and 6= 50°
If a vector @ of magnitude |a| makes an angle 8 with the positive x-axis, then a = |g|c059g: +|gl sin6j.
a=|a|cos8i +|a|sinj
6cos(50°)i +6sin(50°) !
3.86i +4.60]

it

Addition and subtraction of vectors in component form

Addition and subtraction of vectors can be done by adding or subtracting the i components and the j components.

Fora=x,i+ y,jand b= x,i +y,j then: Simnilarly:
a+b=(xi+yj)+(xi+rj) a~b=(xi+nj)-(xi+y.j)
=X+ i+ Nty =(x=x2)i+(n=2))

=(x+x)i+(n+n)j

Forg=xi+yjandb=x,i+y,j:
a+b=(x+x0)i+(n+y.)j

a-b=(x,-x)i+(n-3)j

X, X, X +x, x, X, X=X,
In column vector notation, this can be written as ( ) + [ ] = ( ] and ( ) - ( ) = [ ) respectively.
1 ¥: nty b Y2 Nn=r
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VECTORS IN COMPONENT FORM

Scalar multiplication of vectors in component form
ka= k(xi+ y_l)

kx
_ ; In column vector notation, this can be written as k L
=kxi +kyj y

ky

If g=xi + yj, then ka=kxi +kyj

Example 12
Giveng=i-5jandb=-3i+2j,find: () atb (b) b-a (c) ~4a+7b
Solution
(a) Sum of the vectors in component form: atb= (1 - Si)+ (—31' + 21)
Group the coefficients of the components together and simplify: = (1 - 3)i + (=5 + 2);
==2j- 3!: ]
(b) Sum of the vectors in component form: b-a= (—3i +2 l) - ( i-5 !.)
Group the coefficients of the components together and simplify: = (-3 -1)i +(2-(-5)) j
=—4i+7j :
(c) Sum of the vectors in component form: —~4a+7b=—4 ( i-5 l) + 7(—-31' +2 l )

=—4i+20j-21i +14j
Group the coefficients of the components together and simplify: = (—4 - 21)i + (20 +14)j
==25i+34j

Equality of vectors in component form

!fe= xli-l*-y,j and é=x2_i_+y22, then g =Qifand Only ifxl =x2 and yl =yz_

Example 13
Find the values of mand nif 7i -5 j = (3m+1)i + (4n-9)j.

Solution
Equate coefficients of the vector components and solve the resulting equations:

i components: 7=3m + 1
Im=6
m=2

jcomponents: =5=4n-9
i 4dn=4
n=1
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VECTORS IN COMPONENT FORM

Relative position vectors 4

You have already looked at position vectors that represent the
position of one point in relation to the origin. A relative position
vector represents a point’s position in relation to another point.

The position vector of B relative to A is given by ab. 1
In the diagram shown oA = 3i-2jand 0B = —1+3j.
The position vector of B relative to A is ﬁ where AB= A0+ OB, -3 -;. ¢ @ 1 2 3
Now, AB = -OA + OB -1t
- AB=0B-04
=(-i+3j)-(3i-2j)
=—4i +5]

-+

-1 4

Example 14
The position vector of point A on the Cartesian plane is 07= 12i - 5j and the position vector of point B is
OB =-7i +6j. Find the position vector of A relative to B. X

Solution
The position vector of A relative to B is E{ Write the rule to find BA: BA = BO+ 0

~ BA=0A-0B

Substitute the components and simplify: EX: (121— 5j)—(—7£‘+6j)
=19{-11j

Parallel vectors
Two vectors are parallel if they are scalar multiples of each other:
If b= ka, where k is a real number, then b is parallel to a.

For example, if a = i —3jand b= 4i — 12}, thenlg=4(1’—3j).
. b=4a,s0 bis parallel to a.

Example 15
Consider the three vectors = —2i +3j, b=8i —5j and ¢ = —8i +12j. Which two vectors are parallel?
Solution
Look at the vectors to see if a scalar multiplier exists for any of them: ¢ = -8§ +12j
= 4(-2i +3j)
= 4(3
Vectors a and ¢ are parallel.
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VECTORS IN COMPONENT FORM

Unit vectors in component form

Recall that a unit vector has a magnitude of 1 and a = |—":-l

) S . 1 i
Therefore, ifa = xi + yj, thena = (xx + y])_
R < - ] 2, 2\~ 7L S
X" +y . ‘[x2+y1 .
It is usually better to express the unit vector with a rational denominator, so a = e ( xi+y j).

A unit vector is a ‘direction finder, in that it determines a vector’s direction but not its magnitude.

’x2+ 2

— . 1 e P Viif oty o
Ifa=xi+yj,then g = —xz\/T—yz(xﬁ )’l) S A W(xﬁ }'1)'
Example 16
Find the unit vector g for each of the following vectors.
(8 a=4i-3j (b) a=-5i+8;
Solution

(@) Divide the original vector by its magnitude to get a unit vector: g = %(4 i-3 j)
(b) Find the magnitude of the vector: Ig] = ,/(-—5)2 +8

= /89
Divide the original vector by its itude to get a unit vector: 4= ——(-5i + 8
gin by its magn g i=—(-5i+8j)
e, s
= '—59—'(—51 + 8_1)
Unit vectors can be used to find vectors in a specified direction.
Example 17
Givenc=3i-6j:
(@ find¢ (b) find vector d of magnitude 5 in the direction of c.
Solution
(a) Find the magnitude of the vector: c| = 3 +(-6)
=45
=35

Find the unit vector by dividing the vector by its magnitude: ¢ = 5175-(31‘ -6 j)
N
=5{i-2))

() Multiply the unit vector in the direction required by the required magnitude: d = r ]
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