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A logarithm ሺabbreviation “log”ሻ of a number to a given base is the power to which the base is 
raised to give the number. 

Example 1: 2ସ ൌ 16  therefore logଶ 16 ൌ 4 

Example 2: 10ଷ ൌ 1000  therefore logଵ଴ 1000 ൌ 3 

Example 3: 5ଷ ൌ 125  therefore logହ 125 ൌ 3 
 

The base a is written as a subscript to the operator ‘log’, i.e. log௔  
 

So, if  𝑎௡ ൌ 𝑥  then log௔ 𝑥 ൌ 𝑛  We say ‘log to the base a of 𝑥 equals n’. 
 
 
First, we note that: 𝐥𝐨𝐠𝒂 𝒂 ൌ 𝟏 as 𝑎ଵ ൌ 𝑎 
 
And also:  𝐥𝐨𝐠𝒂 𝟏 ൌ 𝟎 as 𝑎଴ ൌ 1 
 

The laws of logarithms are deduced from the index laws: 

Let 𝑎௡ ൌ 𝑥 ሺand so log௔ 𝑥 ൌ 𝑛ሻ  and  𝑎௠ ൌ 𝑦 ሺand so log௔ 𝑦 ൌ 𝑚ሻ 

Index laws Logarithms laws 

𝒙𝒚 ൌ 𝒂𝒏 ൈ 𝒂𝒎 ൌ 𝒂𝒏ା𝒎 log௔ሺ𝑥𝑦ሻ ൌ 𝑛 ൅𝑚 ൌ log௔ 𝑥 ൅ log௔ 𝑦 
 
therefore 𝐥𝐨𝐠𝒂ሺ𝒙𝒚ሻ ൌ 𝐥𝐨𝐠𝒂 𝒙 ൅ 𝐥𝐨𝐠𝒂 𝒚 
 
Example: logଶሺ35ሻ ൌ logଶ 5 ൅ logଶ 7 

𝒙
𝒚
ൌ 𝒂𝒏 ൊ 𝒂𝒎 ൌ 𝒂𝒏ି𝒎 log௔ ൬

𝑥
𝑦
൰ ൌ 𝑛 െ𝑚 ൌ log௔ 𝑥 െ log௔ 𝑦 

 

therefore 𝐥𝐨𝐠𝒂 ቀ
𝒙

𝒚
ቁ ൌ 𝐥𝐨𝐠𝒂 𝒙 െ 𝐥𝐨𝐠𝒂 𝒚 

 
Example: logଶሺ7ሻ ൌ logଶ 42 െ logଶ 6 

𝟏
𝒙
ൌ

𝟏
𝒂𝒏

ൌ 𝒂ି𝒏 log௔ ൬
1
𝑥
൰ ൌ െ𝑛 ൌ െ log௔ 𝑥 

therefore 𝐥𝐨𝐠𝒂 ቀ
𝟏

𝒙
ቁ ൌ െ 𝐥𝐨𝐠𝒂 𝒙 

 

Example: logଶ ቀ
ଵ

ଷଶ
ቁ ൌ െ logଶ 32  

𝒙𝒑 ൌ ሺ𝒂𝒏ሻ𝒑 ൌ 𝒂𝒏𝒑 log௔ሺ𝑥௣ሻ ൌ 𝑛𝑝 ൌ 𝑝𝑛 ൌ 𝑝 log௔ 𝑥 
 
therefore 𝐥𝐨𝐠𝒂ሺ𝒙𝒑ሻ ൌ 𝒑 ൈ 𝐥𝐨𝐠𝒂 𝒙 
 
Example: logଶሺ81ሻ ൌ logଶሺ3ସሻ ൌ 4 logଶ 3 
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The calculator can only calculate: 

 𝑙𝑜𝑔ଵ଴  ሺwhich is abbreviated “log” not showing that it is in fact “log of base 10”ሻ; and 

 𝑙𝑜𝑔௘  ሺabbreviated “ln” ሺi.e. “logarithm naturalis”ሻ not showing it’s in fact “log of base e”ሻ 

 

So we need to find a way to calculate logarithms for other bases. 

 

For this purpose, we use the change of base rule. 

 

Change of base rule: 

Let log௔ 𝑥 ൌ 𝑛 which is equivalent to 𝑎௡ ൌ 𝑥 

 

Taking the logarithm to base b on both sides, we obtain:  log௕ 𝑎௡ ൌ log௕ 𝑥 

 

or 𝑛 log𝑏 𝑎 ൌ log𝑏 𝑥  ሺas log௕ሺ𝑎௡ሻ ൌ 𝑛 ൈ log௕ 𝑎, from the previous pageሻ 

 

so 𝑛 ൌ
log𝑏 𝑥
log𝑏 𝑎

 

therefore 𝐥𝐨𝐠𝒂 𝒙 ൌ
𝐥𝐨𝐠𝒃 𝒙
𝐥𝐨𝐠𝒃 𝒂

 

 

Example: evaluate logଶ 9 with the calculator, using either 𝑙𝑜𝑔ଵ଴  or 𝑙𝑜𝑔௘  ሺi.e. “ln”ሻ 

with base 10 

logଶ 9 ൌ
logଵ଴ 9
logଵ଴ 2

ൌ 3.169925 … 

with base 𝑒 

logଶ 9 ൌ
log௘ 9
log௘ 2

ൌ
ln 9
ln 2

ൌ 3.169925 … 

 

Results are equal indeed, and we can check that: 2ଷ.ଵ଺ଽଽଶହ ൎ 9 

 


