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Reminder: Power of a complex number using modulus-argument form (De Moivre’s theorem) 

Let 𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) then:  𝑧 = 𝑟(cos(𝑛𝜃) + 𝑖 sin(𝑛𝜃)) 

i.e. |𝑧| = |𝑧|  and  𝑎𝑟𝑔(𝑧) = 𝑛 × 𝑎𝑟𝑔(𝑧) 

This theorem was demonstrated in Lesson 2 by mathematical induction, and in Lesson 3 using Euler’s 

formula 𝑒ఏ = cos 𝜃 + 𝑖 sin 𝜃. 

 

De Moivre’s theorem can be used to find the nth root of 𝑧, as demonstrated in the example below: 
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To summarise: 

 The nth roots of 1 (i.e. the 𝑛 roots of 𝑧 = 1) are equally spaced around the circumference of the 

circle with centre 𝑂 and radius 1, separated by an angle of 
ଶగ


 at the centre. 

 One root is 1. If 𝑛 is even, another root is (−1). The other roots occur as non-real conjugate pairs. 

 The roots are  𝑒
మೖഏ

 = cos ቀ
ଶగ


ቁ + 𝑖 sin ቀ

ଶగ


ቁ  where 𝑘 = 0, ±1, ±2, … until the 𝑛 unique roots are 

identified. 

 

 The nth roots of any complex number 𝑅𝑒ఈ are equally spaced around the circumference of the 

circle with centre 𝑂 and radius  √𝑅


  separated by an angle of 
ଶగ


 at the centre. 

 The roots are  √𝑅


 𝑒
మೖഏ

 = √𝑅


ቂcos ቀ
ଶగ


ቁ + 𝑖 sin ቀ

ଶగ


ቁቃ where 𝑘 = 0, ±1, ±2, … until the 𝑛 unique 

roots are identified. 
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Complex roots of unity 

To investigate some properties of the nth roots of 1, you can work with symbolic representations rather 

than the actual values of the roots. 

An important result that is frequently used is the factorisation: 

𝑤 − 1 = (𝑤 − 1)(𝑤ିଵ + 𝑤ିଶ + ⋯ + 𝑤ଶ + 𝑤 + 1) 

For example:  𝑤ଷ − 1 = (𝑤 − 1)(𝑤ଶ + 𝑤 + 1)  which you already know 

Likewise  𝑤ହ − 1 = (𝑤 − 1)(𝑤ସ + 𝑤ଷ + 𝑤ଶ + 𝑤 + 1) 

You can prove this general factorisation by expanding the RHS. 

 

 

 

 

 


