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THE INVERSE SINE FUNCTION 

The graph of 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 is shown below.  

 

As every y between -1 and 1 have multiple possible values for x, it is a many-to-one function. 

The reflection of 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 in the line 𝑦 = 𝑥 is shown to the 
right. 

It is not a function as for each x, there are many possible values 
of y (i.e. “it doesn’t pass the vertical line test”). 

 

 
By restricting the domain of 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 to −

గ

ଶ
≤ 𝑥 ≤

గ

ଶ
, the function  f  becomes one-to-one, as 

shown on the graph below left. Its reflection in the line 𝑦 = 𝑥 is shown below right: this is the 

graph of the inverse function of 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 (for  −
గ

ଶ
≤ 𝑥 ≤

గ

ଶ
) 

 

The inverse function of 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥 (for  −
గ

ଶ
≤ 𝑥 ≤

గ

ଶ
) is noted 𝑠𝑖𝑛ିଵ 𝑥 or 𝑎𝑟𝑐𝑠𝑖𝑛 𝑥; it is only 

defined for  −1 ≤ 𝑥 ≤ 1.   

So 𝑓ିଵ(𝑥) = 𝑠𝑖𝑛ିଵ 𝑥 (also noted 𝑓ିଵ(𝑥) = 𝑎𝑟𝑐𝑠𝑖𝑛 𝑥) only exists for −1 ≤ 𝑥 ≤ 1. 
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FEATURES OF THE INVERSE SINE FUNCTION: 

 increasing function 

 domain is −1 ≤ 𝑥 ≤ 1 

 range is −
గ

ଶ
≤ 𝑦 ≤

గ

ଶ
 

 it has vertical tangents at its endpoints 

 it is symmetrical with regard to the origin O, 
so it is an odd function [for all x in the 
domain, 𝑓(−𝑥) = −𝑓(𝑥), or in that case 
𝑠𝑖𝑛ିଵ(−𝑥) = − 𝑠𝑖𝑛ିଵ(𝑥)] 

 
Note that: 

1. 𝑦 = 𝑠𝑖𝑛(𝑠𝑖𝑛ିଵ 𝑥) only exists for values of x between (−1) and (+1) inclusive; its graph is 

the same than 𝑦 = 𝑥 on the entire domain of the function (i.e. −1 ≤ 𝑥 ≤ 1). 

2. 𝑦 = 𝑠𝑖𝑛ିଵ(𝑠𝑖𝑛 𝑥) exists for all values of x, however its graph is the same than 𝑦 = 𝑥 only for 

−
గ

ଶ
≤ 𝑥 ≤

గ

ଶ
 (otherwise it has a sawtooth shape, not studied in detail in this course). 
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THE INVERSE COSINE FUNCTION 

The graph of 𝑓(𝑥) = 𝑐𝑜𝑠 𝑥 is shown below.  

 

As every y between -1 and 1 have multiple possible values for x, it is a many-to-one function. 

The reflection of 𝑓(𝑥) = 𝑐𝑜𝑠 𝑥 in the line 𝑦 = 𝑥 is shown to the 
right. 

It is not a function as for each x, there are many possible values 
of y (i.e. “it doesn’t pass the vertical line test”). 

 

 
By restricting the domain of 𝑓(𝑥) = 𝑐𝑜𝑠 𝑥 to 0 ≤ 𝑥 ≤ 𝜋, the function  f  becomes one-to-one, as 

shown on the graph below left. Its reflection in the line 𝑦 = 𝑥 is shown below right: this is the 

graph of the inverse function of 𝑓(𝑥) = 𝑐𝑜𝑠 𝑥 (for  0 ≤ 𝑥 ≤ 𝜋) 

 

The inverse function of 𝑓(𝑥) = 𝑐𝑜𝑠 𝑥 (for  0 ≤ 𝑥 ≤ 𝜋) is noted 𝑐𝑜𝑠ିଵ 𝑥 or 𝑎𝑟𝑐𝑐𝑜𝑠 𝑥; it is only 

defined for  −1 ≤ 𝑥 ≤ 1.   

So 𝑓ିଵ(𝑥) = 𝑐𝑜𝑠ିଵ 𝑥 (also noted 𝑓ିଵ(𝑥) = 𝑎𝑟𝑐𝑐𝑜𝑠 𝑥) only exists for −1 ≤ 𝑥 ≤ 1. 
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FEATURES OF THE INVERSE COSINE FUNCTION: 

 decreasing function 

 domain is −1 ≤ 𝑥 ≤ 1 

 range is 0 ≤ 𝑦 ≤ 𝜋 

 it has vertical tangents at its endpoints 

 the function is neither odd nor even, however it 
does have a rotational symmetry about its y-
intercept. So for any x in the domain, the sum of 
the functions heights at (−𝑥) and (+𝑥) will 
always be 𝜋, i.e.: cosିଵ(−𝑥) + cosିଵ(𝑥) = 𝜋 

 
Note that: 

1. 𝑦 = 𝑐𝑜𝑠(𝑐𝑜𝑠ିଵ 𝑥) only exists for values of x between (−1) and (+1) inclusive; its graph is 

the same than 𝑦 = 𝑥 on the entire domain of the function (i.e. −1 ≤ 𝑥 ≤ 1). 

2. 𝑦 = 𝑐𝑜𝑠ିଵ(𝑐𝑜𝑠 𝑥) exists for all values of x, however its graph is the same than 𝑦 = 𝑥 only for 

0 ≤ 𝑥 ≤ 𝜋 (otherwise it has a sawtooth shape, not studied in detail in this course). 
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THE INVERSE TANGENT FUNCTION 

The graph of 𝑓(𝑥) = 𝑡𝑎𝑛 𝑥 is shown below.  

 

As every y have multiple possible values for x, it is a many-to-one function. 

The reflection of 𝑓(𝑥) = 𝑡𝑎𝑛 𝑥 in the line 𝑦 = 𝑥 is 
shown to the right. 

It is not a function as for each x, there are many 
possible values of y (i.e. “it doesn’t pass the 
vertical line test”). 

 

 
By restricting the domain of 𝑓(𝑥) = 𝑡𝑎𝑛 𝑥 to −

గ

ଶ
< 𝑥 <

గ

ଶ
, the function  f  becomes one-to-one, as 

shown on the graph below left. Its reflection in the line 𝑦 = 𝑥 is shown below right: this is the 

graph of the inverse function of 𝑓(𝑥) = 𝑡𝑎𝑛 𝑥 (for  −
గ

ଶ
< 𝑥 <

గ

ଶ
) 

 

The inverse function of 𝑓(𝑥) = 𝑡𝑎𝑛 𝑥 (for   −
గ

ଶ
< 𝑥 <

గ

ଶ
) is noted 𝑓ିଵ(𝑥) = 𝑡𝑎𝑛ିଵ 𝑥  or 𝑓ିଵ(𝑥) =

𝑎𝑟𝑐𝑡𝑎𝑛 𝑥). 
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FEATURES OF THE INVERSE TANGENT FUNCTION: 

 increasing function 

 domain is ℝ 

 range is −
గ

ଶ
< 𝑦 <

గ

ଶ
 (not inclusive) 

 it has horizontal asymptotes 𝑦 = ±
గ

ଶ
 

 it is symmetrical with regard to the origin O, so it 
is an odd function [for all x in the domain, 
𝑓(−𝑥) = −𝑓(𝑥), or in that case 𝑡𝑎𝑛ିଵ(−𝑥) =
− 𝑡𝑎𝑛ିଵ(𝑥)] 

 

Note that: 

3. 𝑦 = 𝑡𝑎𝑛(𝑡𝑎𝑛ିଵ 𝑥) is the same than 𝑦 = 𝑥. 

4. 𝑦 = 𝑡𝑎𝑛ିଵ(𝑡𝑎𝑛 𝑥) exists everywhere except for 𝑥 = ±
గ

ଶ
, ±

ଷగ

ଶ
, ±

ହగ

ଶ
, …. Its graph is the same 

to 𝑦 = 𝑥 only for −
గ

ଶ
< 𝑦 <

గ

ଶ
 (otherwise it looks like an infinite set of parallel intervals 

with open circles on each end, not studied in detail in this course). 
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