INVERSE TRIGONOMETRIC FUNCTIONS

THE INVERSE SINE FUNCTION

The graph of f(x) = sin x is shown below.
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The reflection of f(x) = sinx in the line y = x is shown to the

"
- A
right. 2 2

It is not a function as for each x, there are many possible values 3r
of y (i.e. “it doesn’t pass the vertical line test”). 2

|
By restricting the domain of f(x) = sinx to —% <x< g, the function f becomes one-to-one, as

shown on the graph below left. Its reflection in the line y = x is shown below right: this is the
graph of the inverse function of f(x) = sin x (for —% <x< %)
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The inverse function of f(x) = sin x (for —g <x< g) is noted sin™! x or arcsin x; it is only
defined for —1 < x < 1.

So f~1(x) = sin™! x (also noted f~1(x) = arcsin x) only exists for —1 < x < 1.
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INVERSE TRIGONOMETRIC FUNCTIONS

FEATURES OF THE INVERSE SINE FUNCTION: 4
) = sin™! 3
e increasing function | il
2
e domainis—-1<x<1
. rangeis—%SyS%
— :

e it has vertical tangents at its endpoints -1 o 1 .
e itis symmetrical with regard to the origin O,

so it is an odd function [for all x in the

domain, f(—x) = —f(x), or in that case _%r -’

sin~(—x) = —sin"1(x)] ’

Note that:

1. y = sin(sin~! x) only exists for values of x between (—1) and (+1) inclusive; its graph is
the same than y = x on the entire domain of the function (i.e. =1 < x < 1).

2. vy =sin~(sinx) exists for all values of x, however its graph is the same than y = x only for
—g <x< g (otherwise it has a sawtooth shape, not studied in detail in this course).
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Example 7
Find the exact values of the following. (a) sin"(%) (b) sin™ —-1-) (c) arcsinl.2

(d) sin”'(sin1.2)  (e) arcsm(sm 4) () sin”(sinx)
Solution

(@ As-1< # <1, sin™ (%) exists. It is the number y or angle y° (i.e. in radians), such that -Z< y< er—

2
V3 a3_x
2 =3

and whose sine is 5 Hence sin

(b) Similarly, sin™ —1) can be evaluated as a number y or angle 5, such that =Z < y < Z | whose sine
Y 2 y y 2=7Y=73

Ty—d L i =L
is =3 Hence sin ( > 6
Alternatively: sin” x is an odd function, so sin™ (--‘%) =—sin™ (-%) = -% -

(c) 1.2 is not within the domain —1 < x < 1, so arcsin 1.2 does not exist.

(d) 1.2 is within the domain —% <x<Z 550 sin”' (sin1.2) = 1.2.

I ; 2.k T x< It n\_T
(e) 3 within the domain 2 250 arcsm(sm ) g
(f) mis outside the domain —-’it- -’25 so sin”" (sin 77) # 7. Instead, sin™ (sin ) = sin™' 0 = 0.
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INVERSE TRIGONOMETRIC FUNCTIONS

THE INVERSE COSINE FUNCTION

The graph of f(x) = cos x is shown below.
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As every y between -1 and 1 have multiple possible values for x, it is a many-to-one function.

The reflection of f(x) = cos x in the line y = x is shown to the
right. %

of y (i.e. “it doesn’t pass the vertical line test”).

AP
It is not a function as for each x, there are many possible values LY/3
<Z‘

2

By restricting the domain of f(x) = cos x to 0 < x < m, the function f becomes one-to-one, as
shown on the graph below left. Its reflection in the line y = x is shown below right: this is the
graph of the inverse function of f(x) = cos x (for 0 < x < )
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The inverse function of f(x) = cos x (for 0 < x < m) is noted cos ™1 x or arccos x; it is only
defined for —1 < x < 1.

So f~1(x) = cos™1 x (also noted f ~1(x) = arccos x) only exists for -1 < x < 1.
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INVERSE TRIGONOMETRIC FUNCTIONS

FEATURES OF THE INVERSE COSINE FUNCTION: Y\
e decreasing function Tt
e domainis-1<x<1
e rangeis0<y<m
] y=cos'x

it has vertical tangents at its endpoints

the function is neither odd nor even, however it

]

does have a rotational symmetry about its y-
intercept. So for any x in the domain, the sum of
the functions heights at (—x) and (4x) will
always be m, i.e.: cos™}(—x) + cos™1(x) = &

Note that:
1.

y = cos(cos ™1 x) only exists for values of x between (—1) and (+1) inclusive; its graph is

the same than y = x on the entire domain of the function (i.e. =1 < x < 1).

y = cos~1(cos x) exists for all values of x, however its graph is the same than y = x only for

0 < x < m (otherwise it has a sawtooth shape, not studied in detail in this course).
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Example 9
Find the exact values of the following. (a "(-1
ind the exact values of the following. (a) cos 7;

(d) arccos(cosST’t) (e) sin(cos‘1 (—l
Solution
(@) Method 1 Method 2
Lety=cos_l(—7l—5) cos_l(——‘/%)=lr—cos_'(—-\/%)
’Ihencosy=-$ and 0<y<nm =7r—%
i = 3_”
e =3T”
- cos™! (—ﬁ)=37”

o)

(c) cos™’ (cosx)=xfor0<x<m,so cos™ (cos %fc) =2

(b) cos(arccos x) =x for =1 <x <1, so cos
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(b) cos(arccos(-%)) © cos"(
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(f) tan (arccos (—%))



INVERSE TRIGONOMETRIC FUNCTIONS

(d) 37 is not in the domain 0 < x < T, SO arccos(cos 5—)# st

3 3 3
The solution is: arccos (cos ST”) =arccos (cos %) = %
(e) Method 1 Method 2
sin(cos"(—%))=sinzT” sin (cos"(—-%))=sin(ﬂ—cos" L
5 -infe-5)
= SinzTn

el

Method 2 here shows a good approach. When you have to take an inverse trigonometric function
of a negative value, use the symmetry properties of the inverse trigonometric functions:

sin”' (-x) = -sin”' x cos” (-x) =m—cos”' x tan™' (-x) = —tan”' x

This process ensures that the function is evaluated with a first quadrant angle.
() Method 1 Method 2

Let arccos (-%) =0 Use the symmetry properties:

Then cos@ = _§ and0<0< 71 arccos(—-z_,;)= T —arccos” (%) and tan(7—6)=-tan6

So @is a second quadrant angle. an (arccos (_ % )) o (7;— arccos % )

Need to evaluate:

tan(arccos(—%))—_- tan @ =—tan(arccos —%—)
Th h below sh this:
SERPLSS ow: St Now find the exact value of tan (arccos %)

Let @=arccos 2

3 T 3

J5 I *. cos@ =% (where O is acute)
e R T e Now evaluate tan (arccos %) =tanf.
The diagram below shows that if c050=% then tan9=§:
@is in the second quadrant, cos@= -%
3
Need to find the value of tan 6. 5
. 2\ ang=_5
S tan(arccos( 3))—tan9— > 2
_2))-_5
Hence tan (arccos( 3))— R
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INVERSE TRIGONOMETRIC FUNCTIONS

THE INVERSE TANGENT FUNCTION

The graph of f(x) = tan x is shown below.
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As every y have multiple possible values for x, it is a many-to-one function.

The reflection of f(x) = tan x in the line y = x is Gl

shown to the right. .........-.-.-.J
It is not a function as for each x, there are many _........_.__far) ___________

possible values of y (i.e. “it doesn’t pass the
vertical line test”).

By restricting the domain of f(x) = tan x to —% <x< g the function f becomes one-to-one, as
shown on the graph below left. Its reflection in the line y = x is shown below right: this is the
graph of the inverse function of f(x) = tan x (for —g <x< g)
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The inverse function of f(x) = tan x (for —g <x< g) isnoted f~1(x) = tan"'x or f71(x) =

arctan x).
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INVERSE TRIGONOMETRIC FUNCTIONS

FEATURES OF THE INVERSE TANGENT FUNCTION: 4
n
e increasing function ~~~~~~ TTTTTTTOOT 2|7 T L ——
y=tan"'x
e domainis R 5 -
. rangeis—g<y<§(notinclusive) _--___--__%f ................

e it has horizontal asymptotes y = ig

e itis symmetrical with regard to the origin O, so it
is an odd function [for all x in the domain,
f(—x) = —f(x), or in that case tan™1(—x) =
—tan™1(x)]

Note that:

3. y =tan(tan"!x) is the same than y = x.

3n
2
toy = x only for —g <y< g (otherwise it looks like an infinite set of parallel intervals

with open circles on each end, not studied in detail in this course).

e
il e P

-2

- . 5 :
4. y = tan"!(tan x) exists everywhere except for x = ig, +—, if, ... Its graph is the same

(AN

Example 11

Find the exact values of the following.
(@) arctan (ﬁ) (b) tan(tan™'1) (c) arctan (tan (%)) (d) tan™ (tan (—47”))

Solution

A \_Z ; It T : : : =1
(a) arctan( ﬁ)— 6 It is the value of 6, between > and > (not inclusive), for which tan 6= 7;

(b) tan(tan”'1)=1 (c) arctan(tan (%)) = %, as % is between —% and % (not inclusive).

(d) tan™ (tan (_ 47”)) is not equal to —47”, because —47” is not between -% and %

Using the symmetry properties that tan @ and tan™ x are odd functions, and that tan (7 + 6) = tan 6:

tan™ (tan (-%")): tan™" (-tan (‘%’)):-tan" (tan(%{))=—tan'l (tan(%)): -Z
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INVERSE TRIGONOMETRIC FUNCTIONS

Example 12

Find the exact value of sin (2 tan™ -;—)
Solution

Let tan™" % =%

Thus tanx=L and ~Z<x<Z

2 2 2

Hence x can be represented as a first quadrant angle. =

Then: sin (2 tan™ %) =sin 2x x

=2sin x cos x o

(&%)

(BINS

Example 13

3 . -14 -1(_4
Find sm[cos S+tan ( 3)]

Solution y
sin I:cos'l %+ tan™" (- %)]: sin [cos’l -‘51— tan~" -‘31]

4
5

=sin(cos"-‘Sl)cos(tan"%)-cos(cos"%) sin(tan'l %) p

=sin(x - y) where x= cos™2 and y= tan™ %

Using expansion of sin (x — y):

cos"%=x,socosx= and0<x<7m x

4

L~

W VI

tan"%=y,so tany=3 and-Z<y<

(S1E

Hence both x and y can be represented as first quadrant angles:

sin [cos'l % +tan™ (—%)]= sin x cos y—cos x sin y

=G)E-)(E)

25
Example 14
Prove that sin™ x + cos ™ x= 12'— for-1<x<1.
Solution
Let ¢=sin"'x .. sino=xwhere —%S(ZS%
Recall that cos(%—a) =sin ¢, so cos(%—a =x
Also, as—%SaS%,thusOS %—as T
- % —a=cos'x (noting that 6= cos”'x only when cos@=xand 0< < n)
2 % —sin"'x=cos"'x sosin" x+cos x=Z%

2

You should remember this result: sin™" x+ cos™ x % for-1<x<1
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