SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

To solve the quadratic equation a x?> + b x + ¢ = 0 , where a, b and c are real coefficients, we use the
—btvA
2a
complex. If they are complex, they will occur as conjugate pairs z and Z (because of the conjugate root

theorem for polynomial functions with real coefficients).

quadratic formula x = . When a, b and c are real coefficients, the roots will be either real or

If a, b and c are complex, this formula does not generate a simple solution, so we need to use another
method to find the roots of the quadratic expression; the method to be used in that case is by completing
the square, as follows:

Solve the equation by completing the square.

ax’* +bx+c=0 [1]
bY_b_

a(x+2a) “4a €
b\ _ b*—4ac

a(x+z) -—40

|:211(3c+%):|2 =b* —4dac [2]

If the original equation, [1], has complex roots, then equation [2] says that you have a complex number whose
square is equal to b’ — 4ac.

Let this complex number be o+ i3.
Thus equation [2] becomes (& + if)’=A+iB[3] and you have to obtain & and f3 as real numbers.
(a+ipf)’=A+iB
o’ +2iaf-B*=A+iB
(o> = B*) +20fi=A+Bi
If two complex numbers are equal, then their real parts and their imaginary parts are equal.
~noat-pi=A [i]

20=B [ii]
Solve [i] and [ii] for azand S.
Now (oz2 +p? )2 =a'+2a’f* + B!

=a'-20° + B' + 40’ B

= (cz2 -B )' +(20p)’

=A’+ B
Since &>+ B> 0 then @ + > = VA + B (i)
li] +[iii] 20°=A+vA>+B>
2_ A+VA + B

o

2
o=+ ATVA’+B
2
W B
11] gIves: p = —
lii] gives: f =55

_ |A+JA2+ B _B 2
Ifo= —,thenﬂ—2 ——F
2 A+VA2+ B

o |A+JAZ+B? B 2
and if: @ = —y|——————, then f=—— =
2 2 a+JA2+ B
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SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

Example 25(a): Solve x2+2x+i=0

Solution
(@ x*+2x+i=0

Complete the square: x* +2x+1=1—i

(x+1)*=1-i

Letx+1=0a+fi

o+ Bi)y=1-i

a’-B*+20Pi=1-i

~ot-pr=1

208=-1

Now (oz2 +,32)2 =(a*-p )2 +(20B)
=1’ +(-1)
=2

Lol =2

and o’ - B =1

20 =2 +1

V2 +1

2

N2 %l

2

o’ =

Il
I+

o

-1
P=2a
I N TS W R R - e R e S
When o = 5 th ﬂ—szﬁ+l—J2+ﬁ- = Ga

and when a = - @thenﬂ=\fﬁ—l
Hencex+l=\’—‘ﬁz—+l——i‘]~/§-1 and x+1=-— —‘/-52—+l+i\/~/5—1

x=(,’@—1)—i V2-1 x=-(,/@+1)+i a1
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SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

Example 25(b): Solve x2+2Q2-Dx+6=0

(b) x*+22-i)x+6=0
Complete the square:x2+2(2-i)x+(2-i)2=(2-i)2-6
(x+2-i)=4-4i-1-6
(x+2-i)=-3-4i
Letx+2—-i=o+ i
& (a+ By’ =-3-4i
o’ - B +20Pi=-3-4i
Lot-pi=-3
208=-4
Now (oz2 + B )2 =(oz2 - B )2 +(20B)
=(-3)* +(—4)’
=25
Lo+ pi=5
and o’ - f*=-3
20°=2
a’=1
o=1,p=-2
oa=-1,p=2
The roots of the equationarex+2—i=1-2iandx+2—i=-1+2i
ie.x=-l+iandx=-3+3i
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SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

Example 25(c): Solve ix*?+3x—4=0

(€) ix*+3x-4=0
Multiply by —i: x* = 3ix +4i=0
.\2 .\2
Complete the square: x* — 3ix + (2) = (%) —4i

3y _ 9 .
(x 2)— 2 4i

Let x=3 = g+ i
(a+,6i)2=—%—4i
- B +20pi = ———41
2 2__9
o -p = y
208 =4

(oz2 + B )2 = (oz2 - B )2 +(20B8)

337
16

Now o+ ﬂz S 3437
9

V337 -9 and f==2— 43 _—42x337+9 _ a2 x 337 +9 _ —J2x/337+9
2\2 a [[337-9 J337-81 V256 4

Rationalise so that when o = \/T \/T

o =—

and when o =
Thus x— JZ 37 +—\/2 :37_ i and x— JZ i +\/2(‘/347—9x
=,/2 3437—9 +6—,/2(i37—9)i x=-J2(J:T7—9 +6+J2(fﬁ—9)i
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SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

Square root of a complex number
The example below demonstrates the method for finding the square root of a complex number.

Example 26
Find V4 +3i.

Solution
Let z = x + iy, where x, y are real, such that 2 =4 + 3i

Hence (x + iy)2 =4+3i
Expand: x° — y* + 2xyi =4 + 3i
Equating the real and imaginary parts of the LHS and RHS gives:

xz—y2=4 [1] and
2xy=3 2]
Now (¥’ + 7))’ = (@ = ')’ + 4y (F + ) =4*+ 3" =25
x2+y2=5 [3]
-y =4 (1]
[3]+[1]-2x1—9
J_
From [2]: y=%
y:%x(-{-%): %
Hence V4 +3i = Tf % %-%i
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