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In the previous lesson, we proved that  𝑙𝑖𝑚
ఏ→

ቀ
௦ ఏ

ఏ
ቁ = 1  and that  𝑙𝑖𝑚

ఏ→
ቀ

ଵି௦

ఏమ ቁ =
ଵ

ଶ
 

 

To derive the derivatives of trigonometric functions, we also need another result, that was 
demonstrated in the Year 11 Extension 1 course, namely: 

𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 
Proof: 

Consider the triangle 𝐴𝐵𝐶 

 

𝐴𝑟𝑒𝑎 ∆𝐴𝐵𝐶 =
1

2
𝑎𝑏 𝑠𝑖𝑛 𝐶 

𝐴𝑟𝑒𝑎 ∆𝐴𝐵𝐶 =
1

2
𝑎𝑏 𝑠𝑖𝑛[𝜋 − (𝛼 + 𝛽)] 

𝐴𝑟𝑒𝑎 ∆𝐴𝐵𝐶 =
1

2
𝑎𝑏 𝑠𝑖𝑛(𝛼 + 𝛽) 

as 𝑠𝑖𝑛(𝜋 − 𝑥) = 𝑠𝑖𝑛 𝑥 

But the area of triangle 𝐴𝐵𝐶 can also be calculated through another way, i.e.: 

𝐴𝑟𝑒𝑎 ∆𝐴𝐵𝐶 =
1

2
𝑘𝑝 +

1

2
𝑘𝑞 

Hence:    
ଵ

ଶ
𝑎𝑏 𝑠𝑖𝑛(𝛼 + 𝛽) =

ଵ

ଶ
𝑘𝑝 +

ଵ

ଶ
𝑘𝑞 

⟺ 𝑎𝑏 𝑠𝑖𝑛(𝛼 + 𝛽) = 𝑘𝑝 + 𝑘𝑞 

⟺ 𝑠𝑖𝑛(𝛼 + 𝛽) =
𝑘𝑝

𝑎𝑏
+

𝑘𝑞

𝑎𝑏
 

⟺ 𝑠𝑖𝑛(𝛼 + 𝛽) =
𝑘

𝑎
×

𝑝

𝑏
+

𝑘

𝑏
×

𝑞

𝑎
 

⟺ 𝑠𝑖𝑛(𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 × 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛽 × 𝑐𝑜𝑠 𝛽 

which is what was to be demonstrated. 
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Equipped with these two results [namely 1) calculation of limits and 2) the sine of a sum of 

angles], we can now differentiate 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥, using first principle of differentiation. 

Note that you won’t need to remember this demonstration in the Maths Advanced course, 

however you will need to know the derivatives of trigonometric functions. 

 

Derivative of 𝒇(𝒙) = 𝒔𝒊𝒏 𝒙 

𝑑𝑓(𝑥)

𝑑𝑥
= lim

→
ቆ

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
ቇ 

which is the definition of the derivative function of 𝑓(𝑥). Applying that to 𝑓(𝑥) = 𝑠𝑖𝑛 𝑥: 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= lim

→
ቆ

𝑠𝑖𝑛(𝑥 + ℎ) − 𝑠𝑖𝑛 𝑥

ℎ
ቇ 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= lim

→
൬

𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 ℎ + 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 ℎ − 𝑠𝑖𝑛 𝑥

ℎ
൰ 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= lim

→
ቆ

𝑠𝑖𝑛 𝑥 (𝑐𝑜𝑠 ℎ − 1) + 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 ℎ

ℎ
ቇ 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= lim

→
ቆ

𝑠𝑖𝑛 𝑥 (𝑐𝑜𝑠 ℎ − 1)

ℎ
ቇ + lim

→
൬

𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 ℎ

ℎ
൰ 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= 𝑠𝑖𝑛 𝑥 × lim

→
൬

𝑐𝑜𝑠 ℎ − 1

ℎ
൰ + 𝑐𝑜𝑠 𝑥 × lim

→
൬

𝑠𝑖𝑛 ℎ

ℎ
൰ 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= 𝑠𝑖𝑛 𝑥 × lim

→
ℎ × ൬

𝑐𝑜𝑠 ℎ − 1

ℎଶ
൰ + 𝑐𝑜𝑠 𝑥 × lim

→
൬

𝑠𝑖𝑛 ℎ

ℎ
൰

ᇣᇧᇧᇤᇧᇧᇥ
ୀଵ

 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= 𝑠𝑖𝑛 𝑥 × lim

→
ℎ × ൬

𝑐𝑜𝑠 ℎ − 1

ℎଶ
൰

ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

௧ௗ௦ ௧௪ௗ௦ 
ଵ
ଶ

+ 𝑐𝑜𝑠 𝑥 × 1 

𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= 𝑠𝑖𝑛 𝑥 × lim

→
ℎ × ൬

𝑐𝑜𝑠 ℎ − 1

ℎଶ
൰

ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
௧ௗ௦ ௧௪ௗ௦  ௦ →

+ 𝑐𝑜𝑠 𝑥 

Therefore    
ௗ(௦ ௫)

ௗ௫
= 𝑐𝑜𝑠 𝑥 
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Derivative of 𝒇(𝒙) = 𝒄𝒐𝒔 𝒙 

The derivative of 𝑓(𝑥) = 𝑐𝑜𝑠 𝑥 is derived more simply using the equality 𝑐𝑜𝑠 𝑥 = 𝑠𝑖𝑛 ቀ
గ

ଶ
− 𝑥ቁ 

We use the chain rule: ൣ𝑓൫𝑔(𝑥)൯൧
ᇱ

= 𝑓ᇱ൫𝑔(𝑥)൯ × 𝑔ᇱ(𝑥) 

So: (𝑐𝑜𝑠 𝑥)ᇱ = ቀ𝑠𝑖𝑛 ቀ
గ

ଶ
− 𝑥ቁቁ

ᇱ

= 𝑐𝑜𝑠 ቀ
గ

ଶ
− 𝑥ቁ × (−1) 

But: 𝑐𝑜𝑠 ቀ
గ

ଶ
− 𝑥ቁ = 𝑠𝑖𝑛 𝑥 

Therefore (𝑐𝑜𝑠 𝑥)ᇱ = − 𝑠𝑖𝑛 𝑥 

 

Derivative of 𝒇(𝒙) = 𝒕𝒂𝒏 𝒙 

As  𝑡𝑎𝑛 𝑥 =
ୱ୧୬ ௫

ୡ୭ୱ ௫
=

௨(௫)

௩(௫)
  we use the quotient rule, i.e. 

ௗ(௨
௩⁄ )

ௗ௫
=

௨ᇲ௩ି௩ᇲ௨

௩మ
 

𝑑(𝑡𝑎𝑛 𝑥)

𝑑𝑥
=

𝑐𝑜𝑠 𝑥 × 𝑐𝑜𝑠 𝑥 − (− 𝑠𝑖𝑛 𝑥) × 𝑠𝑖𝑛 𝑥 

𝑐𝑜𝑠ଶ 𝑥
 

𝑑(𝑡𝑎𝑛 𝑥)

𝑑𝑥
=

𝑐𝑜𝑠ଶ 𝑥 + 𝑠𝑖𝑛ଶ 𝑥 

𝑐𝑜𝑠ଶ 𝑥
 

𝑑(𝑡𝑎𝑛 𝑥)

𝑑𝑥
=

1 

𝑐𝑜𝑠ଶ 𝑥
 

𝑑(𝑡𝑎𝑛 𝑥)

𝑑𝑥
= 𝑠𝑒𝑐ଶ 𝑥 

as 𝑠𝑒𝑐 𝑥 =
ଵ

௦
 

 

Derivatives of  𝒔𝒊𝒏൫𝒇(𝒙)൯, 𝒄𝒐𝒔൫𝒇(𝒙)൯  and  𝒕𝒂𝒏൫𝒇(𝒙)൯ 

These are found using the chain rule: 

ൣ𝑠𝑖𝑛൫𝑓(𝑥)൯൧
ᇱ

= 𝑐𝑜𝑠൫𝑓(𝑥)൯ × 𝑓ᇱ(𝑥) 

ൣ𝑐𝑜𝑠൫𝑓(𝑥)൯൧
ᇱ

= −𝑠𝑖𝑛൫𝑓(𝑥)൯ × 𝑓ᇱ(𝑥) 

ൣ𝑡𝑎𝑛൫𝑓(𝑥)൯൧
ᇱ

= 𝑠𝑒𝑐ଶ൫𝑓(𝑥)൯ × 𝑓ᇱ(𝑥) 

 

The derivatives of the reciprocal trigonometric functions sec 𝑥 =
ଵ

ୡ୭ୱ ௫
  ,of  csc 𝑥 =

ଵ

ୱ୧୬ ௫
  and  

cot 𝑥 =
ଵ

୲ୟ୬ ௫
  are also found using the chain rule. 
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