ABSOLUTE VALUE FUNCTIONS

Absolute value

The absolute value (also called ‘modulus’) of a real number x is written |x|. It is the non-negative number that defines
the magnitude of the given number.

Thus |3] =3,|-3| =3 and |0 =0.

This means: |x|=x ifx>0
=—x ifx<0
=1 ifx=0

This is identical to ¥x, so it leads to another definition of absolute value: |x|= e

Important results
1 ol =lxIx|y]
2 |x+y|<|x|+|y| (the ‘triangle inequality’)
and|x+y|=|x|+|y| if and only if x and y are either zero or have the same sign.
Example 9
On a number line, show the values of x for which:
@ |x|>1 (b) |x|<2
Solution
(a) |x|>1 (b) |x|£2
x>1 or —x>1 x£2 or —x<2
x>1 or x<-=1 x<2 or x2-2
x<-=1 or x>1 -2sx<2
43 21 01 2 3 4 4 321 01 2 3 4

When the circle is filled in, the point is included, as it is in part (b).
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ABSOLUTE VALUE FUNCTIONS

Example 10
Solve for x:
@ |2x-1|=3 (b) |3x+2|=1 (€ [2x-1]=3 (d) 3x+2|<1
Solution
(@) [2x-1=3 (b) [3x+2|=1
2x—=1=3 or —(2x-1)=3 3x+2=1 or 3x+2=-1
2x=1=3 or 2x=1=-3 3x=-1 or 3x=-3
2x=4 or 2x=-2 x=-l or x==1
B
x=7 o x=-=1
(© |2x-1]23 (d) 3x+2<1
2x=123 or —(2x-1)=23 3x+42<1 or —(3x+2)<1

Multiplying both sides of an inequality by =1 reverses the direction of the inequality, so:

2x=123 or 2x-1=5-3 3Ix+2<1 or 3x+2>-1
2x=24 or 2xs=2 3x<-=1 or 3x>-=3
x22 or x<-1 x<=1 or x>=1

1

1<x< 3

In (b) above, the first line of working has been left out. When you are confident solving absolute value
equations, you can do this too. However, beware that skipping the first line of working in problems like
parts (c) and (d) could easily lead to wrong inequality signs.
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x
From our earlier definition of absolute value, you have: f(x)= |x| = {

ABSOLUTE VALUE FUNCTIONS

You can now consider f(x) =|x|, which is called the absolute value function (or the numerical value function).

x (0, =)

X E(==,0)

Or, the alternative definition:  f(x)=|x|= Jx—’ for all real x

The domain of f(x) =|x]| is all real x. The range of f(x) =|x| is non-negative real numbers (i.e. f(x) is zero or a

positive real number).

Example 13
Find the domain and range for each function. Sketch each function.
@ fx)=vx () f()=]x-1] (© fGx)=x+|x] @ f=f~4|
Solution
I g )R forx=0

@ f(x)—Jx_—|x|—{_x forx <0
Domain: real x.

Range: f(x) is zero or a positive real number. o .

() f(x)=[2x~1|
flx)=2x-1 for2x-=120 y

i.e. for xz—li \
flx)==(2x=1) for2x-1<0 y=1-2x y=2x-1
flx)=1-2x forx<% _ N
Domain: real x. o141 #
Range: f(x) is zero or a positive real number.

(€ f(x)=x+|x]| y
flx)=x+x forx=0 y=2
flx)=2x for x>0
flx)=x=x forx<0
fx)=0 forx<0 y=n -

Domain: real x.
Range: f(x) is zero or a positive real number.

(d) f()=|x*-4] y
fx)=x"-4 forx’ =420

ie. for|x| =22 A
fx)=—(x-4) forx’ -4<0
flx)=4-% for|x| <2 = X -
Domain: real x.

Range: f(x) is zero or a positive real number.

This sketch can be obtained by first sketching the graph of f(x) = x* - 4. Take the part of that curve
that is below the x-axis and reflect it above the x-axis.
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