RECIPROCAL FUNCTIONS

Given the graph of y = f{x), the graph of y = ﬁ is the reciprocal function of f(x).

When graphing reciprocal functions, it is important to find where f{x) = 0, as these x values will give vertical

asymptotes for the reciprocal function.
It is also important to note that where f{x) — oo, 1 — 0.

f(x)
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RECIPROCAL FUNCTIONS

Example 1
In each part, use the graph of the given function to draw the graph of y=ﬁ.
(@) Given y=x, draw (b) Given y=2x+ 1, draw (c) Given y=1-x, draw
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Solution

(@) The graph of y= % is undefined at x =0, so x =0 is a vertical
asymptote.
The graph approaches y =0 from above as x — o,
The graph approaches y = 0 from below as x — —oo.

y=0is the horizontal asymptote.
= % where x =+1, hence the curves intersect at

(=1,-1)and (1, 1).

-1 3 __1
(b) 'Ihegraphofy—zx+lnsundeﬁnedatx- >

sox= —% is a vertical asymptote.

The graph approaches y =0 from above as x — ee.
The graph approaches y =0 from below as x — —ee.
y =0 is the horizontal asymptote.

2x+1 =ﬁ where x =-1, 0. Hence the curves intersect at

(=1,=1) and (0, 1).

1

is undefined at x=1.
l-x

(c) Thegraphofy=

The graph approaches y =0 from below as x — oo,
The graph approaches y =0 from above as x — —ce.

1-x =l; where x =0, 2. The curves intersect at (0, 1)

and (2,-1).
x =1 is the vertical asymptote and y =0 is the horizontal
asymptote.

All these reciprocal functions are rectangular hyperbolas.
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RECIPROCAL FUNCTIONS

Example 2
(a) Given the graph of y = x?,

1
draw y= x—z. drawy = m

y=(x-2y

(b) Given the graph of y=(x=2)>, (c) Given the graph of y= (x + 2)(1 = x),

- 1
A TR

y=(x+2)1-x)

Solution
(@) Thegraphofy= J‘ins undefined at x=0.

The graph approaches y =0 from above as x — oo,
The graph approaches y =0 from above as x — —co.
The function is never negative.

P =L2whcmx=tl. The curves intersect at (=1, 1) and (1, 1).
X

x =0 is the vertical asymptote and y = 0 is the horizontal asymptote.

(b) The graph ofy=#is undefined at x=2.
X -

The graph approaches y =0 from above as x — eo.
The graph approaches y =0 from above as x — —ce.
The function is never negative.

(x-2=—1

( ) where x =1, 3. The curves intersect at
x=2

X

3 4

(1,1)and (3,1).

x =2 is the vertical asymptote and y = 0 is the horizontal
asymptote.

x =2 is an axis of symmetry.

Section 1 - Page 3 of 6




RECIPROCAL FUNCTIONS

(c) Thegraphofy= is undefined at x=-2, 1.

1
(x+2)(1-x)
The graph approaches y =0 from below as x — ee.
The graph approaches y =0 from below as x — —o.

The maximum value of (x + 2)(1 = x) is —3 and occurs
1
tx=—.
atx >

. 1 4

Thus the least positive value of mw;and
1

_2.

o et —

<2 e -0

1
G-

x==2and x =1 are the vertical asymptotes, y = 0 is the horizontal asymptote.

x =—; is an axis of symmetry.

occursatx=

<0;-2<x<1.+ 4

o G- 9

£>'1

Each of these graphs has a vertical axis of symmetry.
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RECIPROCAL FUNCTIONS

Examples 3a) and 3b)
(@) Given the graph of y=x’, draw y = L’ (b) Given the graph of y=x(x + 1)(x = 2),
x . 1
‘y b dmwthegmphofy-—x(x+l)(x_2).
1 y
- 4
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3 y=x(x+1)(x-2)
—

Solution
(@ The graphofy= xL’ is undefined at x=0.

The graph approaches y =0 from above as x — eo.
The graph approaches y =0 from below as x — —co,

= L,wherex=:tl. The curves intersect at (=1, -1) and (1, 1).

X

x=0 is the vertical asymptote, y =0 is the horizontal asymptote.
The curve does not have an axis of symmetry, but has rotational (point)

symmetry about the origin.

- 1 — = -
(b) The graph Ofy_x(x+l)(x—2) is undefined at x=-1, 0, 2.

The graph approaches y =0 from above as x — ce.
The graph approaches y =0 from below as x — —eo,
x==1, 0, 2 are the vertical asymptotes, y = 0 is the horizontal

asymptote.
The curve does not have an axis of symmetry.
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RECIPROCAL FUNCTIONS

Examples 3c) and 3d)
(¢) Given the graph of y=(2 = x)(x + 1)°,

(d) Given thegraphof y=x"+2x"+1,

1 1
draw the graphof y=——~. draw the graph of y= ———5—.
B )= = x)(x+1) LS e A O
y y=2-x)(x+1) ‘y__
34
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Solution

(c) Thegraphofy= m is undefined at x=~1, 2.

The graph approaches y =0 from below as x — ce.

The graph approaches y =0 from above as x — —ce.

x==1, 2 are the vertical asymptotes, y = 0 is the horizontal asymptote.
It looks as though y = (2 = x)(x + 1)? has a local maximum

value of 4 at x = 1. (This can be shown using calculus.)

% will have a local minimum value
(2=x)(x+1)

of Latx=1.
4

Hence y=

——— isundefined at x = -2.2.
X +2x"+1

The graph approaches y =0 from above as x — eo.
The graph approaches y = 0 from below as x — —ee.

==2.2 is the vertical asymptote, y = 0 is the horizontal asymptote.
The curves touch at (0, 1), a local minimum of the original function
becomes a local maximum of the reciprocal function.

(d) The graphofy=

y
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As the Examples above show, a maximum turning point on the original function becomes a minimum turning point
on the reciprocal function (or equivalent asymptote). A minimum turning point on the original function becomes a

maximum turning point on the reciprocal function (or equivalent asymptote).
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