RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

Quadratic equations

The general quadratic equation is: ax’+ bx+c=0,a#0

Dividing both sides by a: x2+%x - % =0 (1]

Let the roots of this equation be azand .
Hence: (x—a)(x—p)=0
X =(a+B)x+af=0 [2]
ie. x°— (sum of roots)x + (product of roots) =0

Equating the coefficients of like powers of x in [1] and [2]:

Sum of roots: a+ﬂ=—% [3]
Product of roots: aff= % [4]

The equations [3] and [4] show the relationships between the roots ¢, 8 and the coefficients a, b, ¢ of a quadratic
equation.

Example 10
Write the quadratic equation with roots that are the squares of the roots of 2x* + 3x + 5= 0.

Solution
This can be answered without solving the original equation.
Let the roots of 2x” + 3x + 5 =0 be cand f3.

Now,a=2,b=3,c=5: a+ﬁ=—%and aﬁ=%
The new equation is of the form:  x* - @+ B)x+ B =0
But o + %= (a+ B)* =20, so a2+ﬂ2=(—%)2—2x%=%—5=-14—1
and azﬂlzi—s
25

Hence the required equation is: O+ l}x +3= 0

ie. 4xX+11x+25=0

Two useful identities:
1 o +p =(a+p)’-208
2 o+ =(a+p)-3afa+p)
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RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

Cubic equations (degree 3)

The general cubic equation is: ax’+bx’ +cx+d=0,a#0
Dividing both sides by a: O+ %x2+ %x +% =0 [1]

Let the roots of this equation be o, fand .
Hence: x=—a)(x=B)x-7)=0
X' —(a+B+ X +(@p+ay+pyx-ofy=0 (2]

ie. X’ — (sum of roots)x” + (sum of products of each pair of roots)x — (product of roots) = 0

Equating the coefficients of like powers of x in [1] and [2]:

Sum of roots: @+ B+ }'=—§ (3]
Sum of products of each pair of roots: off+ ory+ [3}'=% [4]
Product of roots: oy = _4 (5]

a

The equations [3], [4] and [5] show the relationships between the roots @, f3, ¥ and the coefficients a, b, ¢, d of a
cubic equation.

Note: These relationships between the roots and the coefficients are not enough to find the roots of an equation
without some additional information.

Example 11
Show that o + B> + y* = (a+ B+ )’ = 2(af + oy + By).

Solution

RHS = (o + B+ 7)* = 2(af + ay+ By)
=’ +af+ay+af+ B+ By +ay+By+y -20B +ay + By)
=o’+ B+ 7 +2af + 2ay + 2By -2(0f + ay + By)
=o’+ B +y*=LHS

Another useful identity:

o+ B+ 7' =(a+ B+ - 2af+ ay+ Py)
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RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

Example 12
If &, JB, 7 are the roots of the equation x” + 2x” + 3x + 4 = 0, find the value of the following.
@ a+B+y (b) of +ay+By (©) opy @ (@-DB-Dr-1)
@ L+l+l ) F+p+y O
"By 4 of "oy " B
Solution

(@ Sumofroots=oa+ f+y= -% ==2
(b) Sum of products of pairs of roots = o + ay+ fy= % =3

(c) Product of roots = oy = —% =—4

@ (@-1)(B-1)y-1)=0aPy-(@B+ay+Pp+@+B+P-1 (0 Lyl ,L_Brrar+af
=—4=3-0_1] a By 3aﬂ7
=-10 =4

o = = 1.1 .1 _y+p+e

i) +Bz+f_t2*;2ﬂ_+223 (@B +ay+By) @ Bt ey

—> _=2
= -4
il
=2

Quartic equations (4th degree)

The general quartic equation is: ax'+ bx’ + cx’+dx+e=0,a#0
b s d

2 +Ex2+Lx4+£=0 [1]
a a a’ a
Let the roots of this equation be &, 3, yand é.
Hence: (x—a)(x=p)(x=7)(x=8)=0
x'=(a+ B+ 7+ 8)X + (af + ay+ ad+ By+ S+ ¥8)x’ — (afy+ offd+ oyd+ Byd)x + afyd=0  [2]
ie. x'—(sum of roots)x’ + (sum of products of each pair of roots)x”
— (sum of products of each triplet of roots)x + (product of roots) =0

Dividing both sides by a: x*+

Equating the coefficients of like powers of x in [1] and [2]:
Sum of roots: + B+ y+ 5=—% (3]
Sum of products of pairs of roots: o + ay+ ad+ Py+ pé+ Yo =% (4]
d
f 2 (5]
Product of roots: affyd = 7 (6]

Sum of products of triplets of roots: affy + a3 + oyd + pyd=—
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RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

Example 13

Solve the equation 2x’ — 7x” — 12x + 45 = 0, given that two of its roots are equal.

Solution
Let the roots be o, o, .

Sum of roots:
Sum of products of pairs of roots:
Product of roots:

From [1]:

Substitute into [2]:

Substitute into [1]:
Substitute =3, f=— % into [3]:

Substitute o= — 2, B=22 into [3]:

3776

2a+ﬂ=% 1]
o’ +20B=—-6 [2]
a’p=-% 3]
B:%—Za

7
a2+2a(5—2)=—6

o’ +7a-40’=—6
3a°-700-6=0
Ba+2)(ex-3)=0

o=3 or —%
=5 29
p=-3 or §
LHS=3ZX(—%)=—4—2S=RHS
2
_(_2Fx29__58
LHS—( 3) x 2 =38 + RHS

Therefore, the roots of the equation are 3, 3, -2.5.

Substitute into [3]:

()

r_r,..\.

p( 9 "3 +q)—3r

p(p* = 3p* +9q) =27r
p(9q—2p*)=27r
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