OTHER USEFUL TECHNIQUES
Properties of the definite integral

b b b

1 J' ](x)dxiL g(x)dx=L (f(x) £ g(x))dx
b I3 b

2 _[ j(x)dx=Lf(x)dx+I‘ f(x)dx

3 L"j(x)dx=-j':f(x)dx

b b
4 I f(x)dx = I f(u)du (i.e. the value of the integral is independent of the variable of integration)
5 Iff(=x)=f(x) (ie.if f(x) is an even function), then: r f(x)dx = er(x)dx.
-a 0

6 If f(=x) ==f(x) (ie.if f(x) is an odd function), then: r f(x)dx =0.
7 r va* - x* dx represents the area of a semicircle of radius g, so it can be quickly evaluated using A = r°

Combinations of even and odd functions

«» The product of two odd functions or two even functions is an even function.
» The product of an odd function and an even function is an odd function.

Example 32
Without evaluating the definite integral, find a simpler expression for each definite integral.
5 1
(a) I‘x’cosxdx (b) I xsin™ xdx
3 -1
Solution
(@ flx)= x is an odd function. (b) f(x)=xisan odd function.
£(x) = cosx is an even function. g2x) = sin” x is an odd function.
Hence f(x) x g(x) = [odd] x [even] = [odd] Hence f(x) x g(x) = [odd] x [odd] = [even]
3 e R A
J‘_;xscosxdx=0 ..j_lxsm xdx—Zjoxmn xdx
Example 34

F 4
Evaluate: j sin® x cos® xdx
-X

Solution
This looks formidable, but the properties of odd and even functions make it quite simple to evaluate.

f(x) =sin’ x is an odd function, g(x) = cos"x is an even function:
f(x) x g(x) = [odd] X [even] = [odd]

x
Hence: sin® x cos® xdx =0
-x
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Example 33

1
Use the properties of odd and even functions to evaluate: I (a+ x*) dx

Solution
f)=01+ <) fl(=x)=(1- x) - f is neither odd nor even.
Expand: (14x)) =143 +3"+2

1 1
I (l+x’)’dx=j (14 3x” +3x% + x%)dx
-1 -1
1 1 1
=J dx+3[ Pdx+3 x“dx+I x° dx
-1 -1 -1 =
= [even] + [odd] + [even] + [odd]

=2£dx+0+2x3‘[‘:x°dx+0
- 2J:(1+3x°)dx
=z[x+3—’7‘7];=2(1+%)=§
Example 35
(@) Show that: jo f(x)dx = jo fla=x)dx

x
(b) Hence evaluate: I xsin® x dx
0

Solution
(@) Method 1

u’j f(x)dx = F(x)+C then jo f(x)dx = [Ex)]: = F(a) - F(0)
and J'o' fa-x)dx =[-F(a=x)J =-F(0) + F(a) = F(a) - F(0) = jo f(x)dx

Method 2
Let y=a—xsothat dy=—dx. Limitsare x=0: y=a x=a:y=0

a 0 a a
[ fla=xrax= [ fo=dn= [ fndy= | flxdx
(b) You can write: Ixxsinzxdx=jx(lr—x)sin2(7r—x)dx
x . . x
Now I(lr—x)sinz(lr-x)dx=I (7 - x)sin? x dx
0 0
=rlrsin2xdx-rxsinzxdx
0 0
I L N B
Hence: jo xsin xdx—lrjo sin” x dx Io xsin” xdx

= _x x _
Zjo xsin xdx—zjo (1-cos2x)dx

P _x| _sin2x
Lxsm xdx—4[x > I

(7r-0)=';—2

&N
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Warning
Be aware of the difference between evaluating the integral r f(x)dx and finding the area under the curve y=f(x)

between the ordinates x=—aand x=a.

Example 36
- 2
(@) Evaluate: I xe ™ dx
=
(b) Find the area bounded by the curve y = xe"z. the x-axis and the ordinates x==2and x=2.

Solution y
2 A
(@) xe™ isan odd function, so: I xe ™ dx=0

=2

2 _xZ 2 —x2 -xz —i P | [ ' X
(b) Aml:j xe dx=2'[ xe dx=[—e =1=¢"" units M 12
-2 )

Formulae involving integration
The length of the arc of the curve y = f(x) between x = a and x = b is given by:

Arclength = I:J 1+ (%)2 dx y s
- .W 1+(¢;X_y)z d A(J—y:y
INCEOR ; x

Here u=u, and u = u, are the parameters of A and B respectively.

Example 37
1
Calculate the arc length of the curve y = % + 4% from x = 1 to x = 2 using the formula:
x
2 2
- dy
Arcleﬂgth—j| l+(dx) dx

Solution
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