INDEFINITE INTEGRALS AND SUBSTITUTION

Some integrals can only be solved using particular substitutions for the variables. In this Mathematics Extension 1
course, any substitutions needed to find an integral are given.

Integration using a substitution can be considered as the converse of the method of differentiating a composite
function—it’s like using the chain rule backwards.

The aim of a substitution is to transform an integral into one that involves a standard result,

e.g. Iu" du=—1—u"*' +C. Variable substitution works as follows:
n+l

Let y=jf(u)du where u = g(x)

%=f(u)

dy_dy du
et

= fluyx 2
y=jf(u)x%dx
j f(u)x e = J' f(u)du

This ‘backwards’ form of the chann rule is convenient when the substitution of u = g(x) allows a function to be
expressed as the product of £Z and a function of u. For example:
o Iff(x)=24(-1)" lhen you can substitute u=x"— 1. As %=3xz, you can write 2x as %x 3x?, so that
fx)is written: f(x)=2(x"=1)' x(3x")

% ! i‘: where u=x’ -1
o If f(x)= xyl+x2, you can see that 2x is the derivative of 1 + x°, so if you make the substitution u =1 + x*
and write x as %(Zx). then f(x)= %u’% where u=1+x*and Zx—"— 2x.
o If f(x)= (2*"—21)" you can see that 2x + 2 is the derivative of x* + 2x, so if you make the substitution

u—x2+2xandwntex+lasl(2x+2) then f(x)—l "Zx—u

o If f(x)= xf1-x, then you can make the substitution u=1-x. Asx—l-u,zx—“— -1, so:

f(x):—le—x x(=1)
=—(l—u)u% x%
du
=-( —uz)x
=(A_d)x g
du
=f(u)2;
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INDEFINITE INTEGRALS AND SUBSTITUTION

Example 10
Find: (a) Isz (xJ - l)‘ dx using the substitution u=x" -1

(b) j‘xs/l + x? dx using the substitution u=1+ 'S

(c) Xl dx using the substitution u = x* + 2x.
3 g
(xz - Zx)

Solution

(@ u=x-1,%=3p ® u=142 8

I3x (x —l) dx = I x—dx

jxmdpljzxmdx

:Iu du %qu d“dx

=%us+c =%I

=Lx-1f +C =Lxgqut+c
=%(l+x )‘}+C

© u= x2+2x.a—2x+2
x+1
j(x +2x I(2x+2)(x +2x) dx
=% u"x%dx
=%ju’3du

=px()e+c
-1

=————+C
4(x2+2x)

A quick way to check your answer is to differentiate it to see that it gives the integrand.
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INDEFINITE INTEGRALS AND SUBSTITUTION

Example 11
Find: (a) Jx\/l = x dx using the substitution u=1-x (b) Jﬁd! using the substitution u=1+1

(c) J‘(Bx - 5)‘ dx using the substitution u = 3x = 5.

Solution
du

(a) u=1—x,z=-l.x=l-u

Ixﬁdx = j(l - u)u% X gx—“dx

1 3
=-I(u2 —-u? )(-l)dx

=_I(u%—u%)du (note that du = ( -)dx)

(b) u=1+r.%=l,t=u—1 (c) u=3x—5,%=3
t _fu=1_du J(3x—5)‘dx=l_[3(3x—5)‘dx
dt = X ==X dlt 3
IJI-’-I Igu dt
1 1 =lju‘xd—udx
=I(u5—u_z)(l)dt 3 dx
-
T —3Iu du
=j(uz-u z)du (note that du=(1)dt) 100
=§X§u +C
=23 gt sc =Ll(3x-57+C
3 —E( X - +
3 1
=§(1+:)2—z(1+:)1+c
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