VECTOR EQUATION OF A LINE

The position of a line in the x—y plane is located when a point on the line
and its direction, given by either its gradient or the angle of inclination, are
known, or by the location of two points through which it passes. L

In three-dimensional space, the position of a line is located when you have a P, 7

point on the line and its direction, this direction given by a vector, or by the 7

location of two points through which it passes. I LV

The diagram to the right shows the line, L, passing through the point / 4

P(xy ¥o» 2,) and P(x, y, z). L may also be defined by the point P, and the y

vector B, P, which determines the direction of the line.

Consider the position vector v = li + mj + nk that is parallel to F‘,'F
Since v and BF are parallel, then BP = Av, where A is a real number.
Given that the location of P is specified by position vector r, then OP - r=xi+yj+zk.
Hencer =rp+ ﬁ?

=To+ Ay
Thus, the vector equation of the line Lis r = ro+ Av.

This equation consists of the position vector 1o, a fixed point P on L, and a fixed vector v that determines the
direction of L.

From this equation, you can obtain the parametric equation of the line L, namely
x=x +aky=y,+bA z=2 +cA
They represent the parametric equations of the line L through the point (x;, y,, z,), and parallel to the vector y = (a,b,¢).
Also, the values a, b, ¢ are called the direction numbers of the line as they give its direction.
The vector equation of the line L gives the coordinates of a point for each value of 4.
For example, if 1 =0, r = r,, then the point is P,
If A=1,r =r,+v, then the point is M units to the right of P (v is positive to the right in the diagram.)
If A==2,r = ro— 2v, then the point is 2|v| units to the left of P,.

Remember, a vector equation generates the infinite set of points that make up the line, each point corresponding to a
real value of A.

Example 23
For the straight line with equation r = a + Abwhere g = i + j+ kand b = i - j, find the coordinates of the points
on the line for which: & ¢
(@ A=0 b) A=3 () A=100 (d) A=-5.
Solution
r=xi+yj+zk=(i+j+k)+a(i-j)
xi+yj+zk=(1+A)i+(1-A)j+k

Equating components: x=1+4,y=1-4,z=1
(@ A=0:x=1,y=1,z=1sothepointis(1,1,1) b) A=3:x=4,y=-22z=1so the pointis (3,-2,1)
(c) A=100:x=101, y=-99,z=1 so the point is (101,=99, 1)
(d) A=-5:x=-4,y=6,z=1so the pointis (4,6, 1).
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VECTOR EQUATION OF A LINE

Example 24
Find the vector equation to the straight line joining the points A(5, 2, 6) and B(-3, 4, 1) and find the coordinates
of the point on AB where A=2.

Solution

6?-4-5_:‘,+22+615

Iﬁ’-g-(-3-5)g+(4-2)2+(1-6)g
c=-8i+2j-5k

'Iheequationofiisgivenby:-g+).g,lisamalnumba.

Thus xi + yj + 2k = (51 +2j+6k )+ A (-8i + 2 - 5k)

-(S-8).)1‘+(2+2/1)!'+(6-SA)§
Thisgivesx=5=84, y=2+24,z=6-54
A=2:x=~11, y=6,z=—4 so the coordinates of the point are (=11, 6, —4).

"g--—’

Example 25
Find the vector and parametric equations of the line:

(a) through the point A(-2, 1, 4) parallel to the vector b = 2i + j - 2k
(b) through the point A(1, 3, 2) parallel to the line through B(1, 2, 3) and C(3, 4, 1).

Solution

(a) A(-z,1.4):a-g--zg+j+u_c (b) A(l.3.2)=5?-9-£+31+2’5
b=2i+j-2k:r=a+Ab ; Q-Bf-(3-1)g+(4-z)2+(1-3)l_‘
r=-2i+j+ak+a(2i+ -2 b=2i+2j-2k
Hence the vector equation of the line is r=a+Ab

r=(-2+2A)i+(1+A)j+(4-2A)k
The parametric equation is x =<2 + 24,
y=1+ A, z=4-2A. The direction Hence the vector equation of the line is
numbers are 2, 1, =2 (the coefficients of ). r=(1+24)i+(3+24)j+(2-24)k
The parametric equation is x=1 + 24,
y=3+24,z=2-2L

;-;+31'+2l_<+).(zg+2,_i-zg)
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VECTOR EQUATION OF A LINE

Example 26
Given P,(2, 1,2) and P,(~1, 3, 3). With P, as the fixed point, find:
(@) the vector equation of the line L that passes through P, and P,
(b) the parametric equation of the line L that passes through P, and P,.
With P, as the fixed point, find:
(c) the vector equation of the line L that passes through P, and P,
(d) the parametric equation of the line L that passes through P, and P,.
(e) Discuss your answers to parts (b) and (d).

Solution o
(a) g-ﬂPz-(—l—2)i+(3-l)l'+(3—2)l.c

-—31’+2!+L<
P(2,1,2):1, =OB =2i + j + 2k
Lispanlleltoﬁ,sothcmtorequationoﬂ isr = ro+ Av, where r = (x, y,2).
HencethecqnationofLisg-2§+1+2I_c+l(-3§+2!'+l_c)
r=(2-32)i+(1+22)j+(2+2)k

(b) The parametric equations of Lare: x=2-34, y=1+24,z=2+A
(©) Py~1,3,3):1, = OB, = —i +3j+3k

v=-3i+2j+kir=—i+3j+3k+A(-3i+2j+k)
r=(-1-32)i+(3+422)j+(3+ A )k

(d) The parametric equations of L are: x=—1-34, y=3+24,z=3+A
(e) The equations of the line L are different when they have the different fixed points. To show that each

equation represents the same line, find values of 4 that generate the points P, and P, for each equation. This
is most easily done from the parametric equation. Obviously, A = 0 will generate the fixed point in each case.

Forpart by x=2=34,y=1+24,2=2+4,forP;2~32=~1,A=1

Substitute for yand z: y=1+2=3.z=2+ | = 3. Hence the point is (-1, 3, 3), which is P,.
Forpart (df: x==1-34y=3+24,z=3+A,forP;-1-34=2, A=~

Substitute for yand z: y=3~2=1.z=3 - 1= 2. Hence the point is (2, 1, 2), which is P,.
Thus, both sets of equations represent the line L through the points P, and P,.

lfA.BandRarepoinuonastnightlinethmughAanstuchthatg-ax,l_r-ﬁmdr-o then the vector

equation of the line AB is given by r = a + Ab, where A is a parameter.
When starting with the coordinates of two points to form the vector equation of a line, the final equation

depends on which point you fix to obtain a. Both choices will lead to a correct vector equation defining the line.

Hence the vector (or parametric) equation of a line through two points is not unique.
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Vector equations of a line in two dimensions

Gradient intercept form
Consider the equation of the line given by 7 = a + Ab, where r = (x,y),a = (x,, 5, Jand b = (x,, , ).
The vector equation becomes r = (x, + x,4 )i +( 3, + 3,4 ) j.
The parametric equations are x = X, + XA, y = yo + y1A.
Rearranging the first equation gives A = 5%&
1

nl(x-x)

X

_)l Xt
Y=y +—x- %
b4

— N Xl)’o = Xo )1
y % X+ _—x|

Substitute in the second equation for y: y = y, +

Cmnpa:mgt}usanswcrmmmcgmdxnhmmeplformofﬂxmgmlmcy mx+c.givesm-—andc M;-EQ"—
X1Yo — Xty '

Thus, the gradient of the line i is 2L = =L and the y-intercept is -
1

The vector b = x,i + y, j is a vector parallel to the line with gradncnt . You would expect the gradients of the line
and the vector to be the same.

Two-point form
In two-dimensional coordinate geometry, the equation of the line through the points A(x,, y,) and B(x,, y,) is

I~h -——-—————-yz-y',providcdlhalx ,
X=X X=X

The vector equation of the line AB is xi + yj = x,:+),)+l((x, x)i+(y, - }',)})as(x,—:r,)x-r(yz njisa
vector parallel to
Thus x = xn).(x,—x,)

y=n+ily:-
Solving both of these equations for A gives — ok ‘;‘ o ;’ "; [
o Yl /|
This means that i Z :: : i 2= i' L, which is the two-point form of the Cartesian equation of a line.
e | 2

If 1 =0, then equation (1] gives x=x,, y = y,, or (x,, ), the coordinates of the fixed point for the vector equation.

Example 27
Find the vector and Cartesian equations of the line through the point A(2, —1) parallel to the vector b =i +2j.

Solution

a=2i-j

Vectorcqualion:r_'-g+)|.l_t:r_'-25'-!'4-/1(5‘4.21')
r=(2+A)i+(-1+21)j

Parametric equations: x =2+ 4, y ==1+ 24 3

A=x=2s0y==1+2(x-2)
y=2x =5 is the Cartesian equation of the line.
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