MEAN AND VARIANCE OF THE BINOMIAL DISTRIBUTION

Consider a random variable X ~ B(5, 0.4). The probability distribution for X is shown in the following table:

X 0 1 2 3 1 -,
P X=x) 0.07776 0.2592 0.3456 0.2304 0.0768 0.01024

Using the method outlined earlier in this chapter, you can find the expected value of X, E(X), and the Variance of X, Var(X).

Using the method outlined earlier in this chapter, you can find the expected value of X, E(X), and the Variance of X, Var(X).
5
E(x) = 2 xipl
=0
=0x0.07776 + 1 X 0.2592 + 2 X 0.3456 + 3 X 0.2304 + 4 X 0.0768 + 5 x 0.01024
=0+0.2592 +0.6912 + 0.6912 + 0.3072 + 0.0512
=2
So, [E(X))*=4

5
EQ) =Y xip,
= gox 0.07776 + 1 X 0.2592 + 4 X 0.3456 + 9% 0.2304 + 16 X 0.0768 + 25 x 0.01024
=0+40.2592 + 1.3824 + 2.0736 + 1.2288 + 0.256
=52
So, Var(X) = E(X*?) - [E(X))?
=52-4
=12

When dealing with a binomial distribution, if X is the random variable representing the number of successes
in n trials and p is the (constant) probability of success, then:

E(X) = np = u (mean)

Var(X) = np(1 - p)

o(X) = [np(1-p)

n n
Proof: EX) = Zi x "C;pt(1—-p) i = Zi x "C;pt(1 —p)*t
i=0 i=1
! - 1)! - 1)!
But i "C, = ix- nlz.n(n ).:.n(n ).
=0 (—-D'n=-0! G-D!'Mn-10)
(n—1)! (n—-1)! _
So: i"C = = =nx"1C_
O NI T D it 1l-D! "= [m—-D-G-D " i-1
n n
Therefore: EX) = Z nx " pi(A—-p) i = nz e pt( - p)nt
i=1 i=1
We do a change of variable in the summation: k=i-1 So:
n-1 n-1
E(X) = nz -l pktl(q — pyn=(e+d) = nz "1 5 x pk(1 = )1k
k=0 k=0
n-1
EX)=np » "G p*U-p) PV F =npx[p+ Q-] = x (D" = mp
k=0

=[p+@-p)|*~*
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You can check these results for the example given at the very beginning of this section, where X ~ B(5, 0.4).
Using the rules:

E(X)=np Var(X) = np(1 - p)
=5x0.4 =5%0.4x%0.6
=2 =1.2

The same answers are obtained.

Example 8
Find the following statistics for X ~ B(15, 0.3). If necessary, give answers correct to two decimal places.
@ EX) (b) Var(X) () oX)
Solution
(@ EX)=np (b) Var(X)=np(1-p) © o(X)=\np(1-
=15x0.3 =4.5x(1-0.3) pl1=)
=45 =3.15 =4/3.15
=177
Example 9

Given X ~ B(20, p) and E(X) =5, find the value of p.

Solution
Use E(X)=np:np=5
Substitute the known value: 20 X p=5

Solve for the unknown: p= o 0.25
Example 10
Given X ~ B(n, p), =9 and 6° = 6.3, find the values of n and p.
Solution
u=np o’ =np(1-p)
U=9 . np=9 0'=63 . np(1-p)=63
Substitute for the known value of np in the 6 equation: 9(1 - p) = 6.3
1-p=0.7
p=03
Findm: nx03=9
n=_2_
03
n=30

n =30, p=0.3, so X ~ B(30,0.3)
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