SOLVING TRIGONOMETRIC EQUATIONS USING THE AUXILIARY ANGLE METHOD

The auxiliary angle method of solving trigonometric equations involves changing an equation of the form
asinx * bcosx = c into the form rsin (x £ &) = ¢, which is then easier to solve. In this form, « is called the
auxiliary angle.

This method can also be used to change acosx + bsinx = ¢ into the form rcos (x ¥ ) = c. In both cases, the
constants a, b, r and o are positive real numbers.

For example, to express asinx + bcosx in the form rsin (x + @):
Let asinx + bcosx =rsin(x+ )
=r(sinxcos & + cos xsin )
=rsinxcos &+ rcosxsin o

This is an identity, so the coefficients of sinx and cos x on each side must be the same.
ie. a=rcosa

b=rsinax
. a+ b =r(cos’ a+sin’ Q)
Hence: r*=a"+ b’
r=+a’+b’ because r is a positive real number.

. . a . b
From the coefficients, there is also cos @ = - and sina = T

As a and b are positive constants, so cos & and sin & are also positive. This also means that ¢ is in the first quadrant
sin b
cosat a’

(i.e. it is an acute angle), such that tana =

Hence, the auxiliary angle method gives: asinx+ bcosx=rsin(x + &)
which then allows you to obtain: asinx —bcosx=rsin(x— a)
acosx+ bsinx=rcos(x— o)
acosx—bsinx=rcos(x+ )

In each case, r=va’+b’ and e is an angle in the first quadrant such that tana =§ .

Example 1a: Express v/3sinx — cosx in the form rsin(x — a)

Solution
\/gsinx—cosx =rsin(x—)
=r(sinx cosa—cosx sino)

=rsinXxcoso —rcosx sino

Equate coefficients of sinx and cosx: rcosa = NE) [1]
rsin=1 [2]
[P +[2]%: 7 (cos’a+sin’ @) =4
r=4
r=2 (asr>0)

V3 1

Hence from [1] and [2]: coso =5~ and sina=§

N

As cos o and sin o are both positive, o is in the first quadrant, such that tano = %, ie.a=

From the first equation: /3 sinx—cosx =2sin (x - %)
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Example 1b: Express 3 cos x — 4 sinx in the form r cos(x + a)

Solution
3cosx—4sinx=rcos(x+ @)

a=3,b=4: r=+3*+4*=5
tana=%: a=53°8
. 3cosx—4sinx=>5cos(x+53°8")

The two examples above illustrate two different auxiliary angle methods that may be used. You should

practise both.

Important uses of the auxiliary angle method
« Writing asinx + bcosx in the form rsin (x + ) tells you that the greatest and least values of the function are
r and —r respectively. This makes sketching functions like y = asinx + bcosx much easier.

o Writing asinx + bcosx in the form rsin (x + &) allows you to solve equations of the type asinx + bcosx=c.

Example 2
Sketch the graph of y = V3sinx—cosx, 0 < x< 2.

Solution
Example 1 (@) has already shown that J3sinx—cosx = 25in(x —%) Hence: y= ZSm(x—%)

At the endpoints of the domain, x=0and x=27: y = 25in(—-76£)= Zsin(Zn'— %)= -1

The greatest value of y is 2, where: 1= sin(x——)

y=V3sinx - cos x

wlg+

. . —1=sin[x-&
The least value of y is —2, where: 1 sm(x 6) 0 /,'_,
6

The graph crosses the x-axis where: sin(x -=]=
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Example 3
Solve the following equations.
(a) J3sinx—cosx=1,0<x<2r

Solution
Method 1

(@) Example 1 (a) has already

shown that v/3 sinx —cosx = Zsin(x—

Zsin(x—%)=l

sin(x—

oy

=
|

% N

oo

W aN =

Method 2

You can express sinx and cosx in terms of tan

y.4
2

The t formulae (see Chapter 4) give sinx = :

(because tan = is undefined for those values).

23t

(a) J3sinx—cosx=1,0< x< 27

2t
—» COSX=
Al

1+£2 1412

23t -

(b) 8cosx+6sinx=-3,0° < x<360°

(b) Use acosx+ bsinx=rcos(x— a).
n

6

8cosx+6sinx=-3
a=8,b=6: r=+v8+6"=10
tana=2=075 so ar=36°52"
. 10cos(x—36°52")=-3
cos(x—36°52")=-0.3
x—36°52"=107°27", 252°33’
x=144°19’, 289°25’

)

X

> for all values of x, except x =+, +31, +57, ...

1-¢2

1+t

3 -

2
= =1,wheret=tan%

(1-£)=1+¢

23t-1+2 =141

X
Because t = tani

== LHS=J§sinn- cost=0-(—

: . o 3
Hence x = is also a solution. The complete solution is x ==

(b) 8cosx+6sinx=-3,0°<x<360°%

J3t=1

t

—

3

x x
el S etz
> forO_z_lt

x==for0<x<2m

w|y oy

is undefined at x = 7, you must now separately test whether x = 7 is a solution.

1)=1=RHS

=1

8(1—!2) 12t
2 + 7)
1+t 1+t
8-8F+12t=-3-3¢
5£—12t-11=0

;1241444220
= 10

-3

tan = =3.108,-0.708 (to3d.p.)

=72°10’, 144° 42’ for o°s§s 180°

x=144°20",289° 24" for 0° < x < 360°

(ST
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(Note the slight difference in the answers due to the rounding error when solving the quadratic equation.)
Because t = tan% is undefined at x = 7, you must now separately test whether x = 180° is a solution.
x=180°: LHS=8cost+6sinr=-8 +0=-8 # RHS

Hence x = 180° is not a solution of the equation.

Important note:

If you use the t formulae substitution to solve equations of the type acosx + bsinx = ¢, you must also test to see

whether x = +n7 is a solution of the equation. The use of the t formulae to solve a variety of equations will be
covered later in this chapter.

Page 4 of 4



