USING VECTORS IN GEOMETRIC PROOFS

The scalar product is used in geometrical proofs involving parallel and perpendicular lines, and squares on the sides

of figures.

Example 13

Prove the theorem of Pythagoras in the right-angled triangle ABC, B

given in the diagram.

Solution

You have topmvethal'ﬁr =

Let AC = cand CB = b.

Henceﬁ-gu_:

Since AC L CB, then coh =0

Now(c+b)e(c+b)=coc+2cob+beb
|+ =|ef +0+[of

3B -2 + BT

R+

Hence the square on the hypotenuse is equal to the sum of the squares on the other two sides.

Example 14

Prove that an angle inscribed in a semicircle is a right angle. A

Solution

The diagram shows the semicircle ACB with centre O and diameter BOC.

A is a point on the circumference.

LetOA = 4, OB = band OC = ¢, where a| =|b| =|c| as they are all radii.

Nowﬁ 1+_§
=-a+b
=b-a

And'Zt-m-f&
=-a+c

mg—a
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Section 3

But¢=-b
SoAB*AC = be(-b)-bea-a*(-b)+a*a
=-beb-a*b+a*b+aca
=|af -Jef
- 0 since a] <[
Hence IEJ. 350 LBAC =9%0°

-Page1of2



USING VECTORS IN GEOMETRIC PROOFS

Example 15
The position vectors of the points P, Q, R and S are respectively 4i +3j - k. 5i +2j+ 2k, 2i - 2j - -3k and
4i-4j+3k

(@ Show that P3 is parallel to RS, (b) Is PQRS a parallelogram?
Solution
2 2 2
@) Fcf-sg+2j+2g-(4g+3j-g) ®) [PQ]- I+ + 3 - Vi
=i—j+3k : Iﬁg‘l-\}2’~l»2‘<l»62 =211
3_41_4".,3)5_(2.,:_2}'_3]5) Sincelm‘flﬁl.thcnPQRSismta
-2i-2j+6k parallelogram, it is a trapezium.
=2(i-j+34)
Since RS = 2PQ, then PQ is parallel to B
Example 16
Prove that the sum of the squares of the lengths of the diagonals of any B < c
parallelogram is equal to the sum of the squares of the lengths of the sides. E

Solution

It is required to show that: Iﬁr +|Z?r = nglz +|§E|2 +|3I2 +]'5K|2
- 23 +[7T')

Dmoteﬁmdﬁbya,-?andmbyg.asshowninﬂmdhgmm‘
From BCDw w+ﬁ’-c

From ACD: A ?-Zﬁ-&ﬁa-cﬂz

(B0 +[7]" - BB+ BB+ - A

=(c-a)*(c-a)+(cra)e(c+ )

=¢c®c—-2c*a+ara+cc+2*

m
:n
on

=2(cec+ava)

- Z(cz - az)

(o)

which is the required result.
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