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If  ℎ(𝑥𝑥) = 𝑓𝑓�𝑔𝑔(𝑥𝑥)�  then  ℎ′(𝑥𝑥) = 𝑓𝑓′�𝑔𝑔(𝑥𝑥)�× 𝑔𝑔′(𝑥𝑥) 

or noted in a simplified way:  [𝑓𝑓(𝑔𝑔)]′ =  𝑓𝑓′(𝑔𝑔) × 𝑔𝑔′ 
Note: 𝑓𝑓�𝑔𝑔(𝑥𝑥)� is often noted 𝑓𝑓 ∘ 𝑔𝑔(𝑥𝑥) 

 

Proof: 

Let ℎ(𝑥𝑥) = 𝑓𝑓�𝑔𝑔(𝑥𝑥)�  By definition:  ℎ′(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

ℎ(𝑥𝑥+ℎ)−ℎ(𝑥𝑥)
ℎ

 

ℎ′(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

�
𝑓𝑓�𝑔𝑔(𝑥𝑥 + ℎ)� − 𝑓𝑓�𝑔𝑔(𝑥𝑥)�

ℎ
� 

ℎ′(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

�
𝑓𝑓�𝑔𝑔(𝑥𝑥 + ℎ)� − 𝑓𝑓�𝑔𝑔(𝑥𝑥)�

𝑔𝑔(𝑥𝑥 + ℎ)− 𝑔𝑔(𝑥𝑥) ×
𝑔𝑔(𝑥𝑥 + ℎ)− 𝑔𝑔(𝑥𝑥)

ℎ
� 

ℎ′(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

�
𝑓𝑓�𝑔𝑔(𝑥𝑥 + ℎ)� − 𝑓𝑓�𝑔𝑔(𝑥𝑥)�

𝑔𝑔(𝑥𝑥 + ℎ)− 𝑔𝑔(𝑥𝑥) � × 𝑙𝑙𝑙𝑙𝑙𝑙
ℎ→0

�
𝑔𝑔(𝑥𝑥 + ℎ)− 𝑔𝑔(𝑥𝑥)

ℎ
� 

 

Now we do a change of variable, as follows:  𝑔𝑔(𝑥𝑥 + ℎ) − 𝑔𝑔(𝑥𝑥) = 𝑘𝑘 

 and therefore: 𝑔𝑔(𝑥𝑥 + ℎ) = 𝑔𝑔(𝑥𝑥) + 𝑘𝑘 

We also note that if  ℎ → 0,  then   𝑔𝑔(𝑥𝑥 + ℎ) → 𝑔𝑔(𝑥𝑥) 

 

𝑟𝑟′(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙
𝒌𝒌→0

�
𝑓𝑓(𝑔𝑔(𝑥𝑥) + 𝑘𝑘) − 𝑓𝑓�𝑔𝑔(𝑥𝑥)�

𝑘𝑘
� × 𝑙𝑙𝑙𝑙𝑙𝑙

ℎ→0
�
𝑔𝑔(𝑥𝑥 + ℎ)− 𝑔𝑔(𝑥𝑥)

ℎ
� 

Therefore:  �𝑓𝑓�𝑔𝑔(𝑥𝑥)��′ = 𝑓𝑓′�𝑔𝑔(𝑥𝑥)�× 𝑔𝑔′(𝑥𝑥) 

or noted in a simplified way:  [𝑓𝑓(𝑔𝑔)]′ =  𝑓𝑓′(𝑔𝑔) × 𝑔𝑔′  referred to as the“chain rule” 

 

Example: if  ℎ(𝑥𝑥) = √𝑥𝑥2 + 3𝑥𝑥 − 9  let: 𝑓𝑓(𝑢𝑢) = √𝑢𝑢    and 𝑔𝑔(𝑥𝑥) = 𝑥𝑥2 + 3𝑥𝑥 − 9 

then : 𝑓𝑓′(𝑢𝑢) = 1
2
𝑢𝑢
1
2−1 = 1

2
𝑢𝑢−

1
2 = 1

2√𝑢𝑢
  and  𝑔𝑔′(𝑥𝑥) = 2𝑥𝑥 + 3 

and therefore: ℎ′(𝑥𝑥) = 1
2√𝑥𝑥2+3𝑥𝑥−9

× (2𝑥𝑥 + 3) which simplifies as: ℎ′(𝑥𝑥) = 2𝑥𝑥+3
2√𝑥𝑥2+3𝑥𝑥−9

 

 


