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Fundamental theorem of calculus 

Let  𝑦 = 𝑓(𝑡)  be a continuous positive curve defined for values of  𝑡 

Let  𝐴(𝑥)  be the area under the curve between  𝑎  and  𝑥, and  𝐴(𝑥 + ℎ)  be the area under the curve 

between  𝑎  and  (𝑥 + ℎ) 

 

The shaded area can be approximated by a rectangle of height  𝑓(𝑡)  and base  ℎ 

𝐴(𝑥 + ℎ) − 𝐴(𝑥) ≈ 𝑓(𝑡) × ℎ 

Therefore: 

𝑓(𝑡) ≈
𝐴(𝑥 + ℎ) − 𝐴(𝑥)

ℎ
 

For  𝑥 ≤ 𝑡 ≤ 𝑥 + ℎ  , the minimum and maximum values of  𝑓(𝑡)  are respectively  𝑚  and  𝑀, i.e.: 

𝑚 ≤ 𝑓(𝑡) ≤ 𝑀 or 𝑚 ≤
𝐴(𝑥 + ℎ) − 𝐴(𝑥)

ℎ
≤ 𝑀 

As  ℎ → 0  , both  𝑚  and  𝑀  tend towards  𝑓(𝑥), therefore: 𝑙𝑖𝑚
௛→଴

𝐴(𝑥 + ℎ) − 𝐴(𝑥)

ℎ
= 𝑓(𝑥) 

But the left-hand side is also the derivative function of  𝐴(𝑥)  , therefore 𝐴ᇱ(𝑥) = 𝑓(𝑥) 

So  𝐴(𝑥)  is a primitive function of  𝑓(𝑥), i.e.  𝐴(𝑥) = 𝐹(𝑥) + 𝐶 

When  𝑥 = 𝑎  then  𝐴(𝑎) = 0  so  𝐹(𝑎) + 𝐶 = 0  i.e.  𝐶 = −𝐹(𝑎)  therefore: 𝐴(𝑥) = 𝐹(𝑥) − 𝐹(𝑎) 

𝐴𝑟𝑒𝑎 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑐𝑢𝑟𝑣𝑒 𝑓(𝑡) 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑎𝑛𝑑 𝑥 = 𝐹(𝑥) − 𝐹(𝑎) 

This is known as the fundamental theorem of calculus 

 

In fact, mathematicians had previously ∫ 𝑓(𝑡) 𝑑𝑡
௫

௔
 to represent the area underneath the curve 𝑓(𝑡) 

between 𝑥 and 𝑎, with the symbol ∫  meaning the “Sum of all little rectangles of width 𝑑𝑡 and of height 

𝑓(𝑡), for 𝑡 varying between 𝑎 and 𝑥”, therefore: 

න 𝑓(𝑡) 𝑑𝑡

௕

௔

= 𝐹(𝑏) − 𝐹(𝑎) 

𝐹(𝑏) − 𝐹(𝑎) is sometimes also noted  [𝐹(𝑡)]௔
௕   



THE DEFINITE INTEGRAL AND THE PRIMITIVE FUNCTION 

Section 3 – Page 2 of 6 

 

 

 

If you can find the primitive function you can now evaluate any definite integral. Unfortunately not all 

primitive functions are easy to find. 

Definite integral of functions that cannot be integrated can be approximated using various 

methods (one of these methods is called the trapezoidal rule, which we’ll use later). 
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Important results 
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