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Conjugate root theorem 

If a polynomial 𝑃(𝑧) has real coefficients and if  𝑃(𝑎 + 𝑖𝑏) = 0  then  𝑃(𝑎 − 𝑖𝑏) = 0  i.e. complex zeros of 

polynomials with real coefficients occur in conjugate pairs. 

Proof: Consider  𝑃(𝑧) = 𝑎 𝑧 + 𝑎ିଵ 𝑧ିଵ + ⋯ + 𝑎ଵ 𝑧 + 𝑎 

𝑃(𝑎 + 𝑖𝑏) = 0  means  𝑎 (𝑎 + 𝑖𝑏) + 𝑎ିଵ (𝑎 + 𝑖𝑏)ିଵ + ⋯ + 𝑎ଵ (𝑎 + 𝑖𝑏) + 𝑎 = 0 

Or if we use the polar form of the complex number 𝑎 + 𝑖𝑏 = 𝑟 𝑒ఏ 

𝑎 ൫𝑟 𝑒ఏ൯


+ 𝑎ିଵ ൫𝑟 𝑒ఏ൯
ିଵ

+ ⋯ + 𝑎ଵ ൫𝑟 𝑒ఏ൯ + 𝑎 = 0 

or 𝑎 𝑟 𝑒ఏ + 𝑎ିଵ 𝑟ିଵ 𝑒(ିଵ)ఏ + ⋯ + 𝑎ଵ 𝑟 𝑒ఏ + 𝑎 = 0 

We can take the conjugate of both sides. 

𝑎 𝑟 𝑒పఏ + 𝑎ିଵ 𝑟ିଵ 𝑒ప(ିଵ)ఏ + ⋯ + 𝑎ଵ 𝑟 𝑒పఏ + 𝑎
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത = 0ത 

But 0ത = 0, and the conjugate of a sum is equal to the sum of the conjugates, so the equation 
becomes: 

𝑎 𝑟 𝑒పఏതതതതതതതതതതതതത + 𝑎ିଵ 𝑟ିଵ 𝑒ప(ିଵ)ఏതതതതതതതതതതതതതതതതതതതതതതതത + ⋯ + 𝑎ଵ 𝑟 𝑒పఏതതതതതതതതതത + 𝑎തതത = 0 

Further, 𝑘𝑧തതത = 𝑘𝑧̅, i.e. the conjugate of a complex number times by a constant is equal to the 
constant times by the conjugate of the complex number, so the equation becomes: 

𝑎 𝑟 𝑒పఏതതതതതത + 𝑎ିଵ 𝑟ିଵ 𝑒ప(ିଵ)ఏതതതതതതതതതത + ⋯ + 𝑎ଵ 𝑟 𝑒పఏതതതത + 𝑎 = 0 

But 𝑒ప௫തതതത = cos 𝑥 + 𝚤 sın 𝑥തതതതതതതതതതതതതതതതതത = cos 𝑥 − 𝑖 sin 𝑥 = cos(−𝑥) + 𝑖 sin(−𝑥) = 𝑒ି௫  so: 

𝑎 𝑟 𝑒ିఏ + 𝑎ିଵ 𝑟ିଵ 𝑒ି(ିଵ)ఏ + ⋯ + 𝑎ଵ 𝑟 𝑒ିఏ + 𝑎 = 0 

𝑎  ൫𝑟 𝑒ିఏ൯


+ 𝑎ିଵ ൫𝑟 𝑒ିఏ൯
ିଵ

+ ⋯ + 𝑎ଵ ൫𝑟 𝑒ିఏ൯ + 𝑎 = 0 

and therefore: 

𝑎 (𝑎 − 𝑖𝑏) + 𝑎ିଵ (𝑎 − 𝑖𝑏)ିଵ + ⋯ + 𝑎ଵ (𝑎 − 𝑖𝑏) + 𝑎 = 0 

∴ 𝑃(𝑎 − 𝑖𝑏) = 0 

which completes the proof. 

 

If any of the polynomial’s coefficients are not real, then the roots will NOT all occur in conjugate pairs. 
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Multiple zeros of a polynomial 

 

 

 

 

 


