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𝑑𝑁(𝑡)

𝑑𝑡
= 𝑘[𝑁(𝑡) − 𝑃]  means that the rate of change of 𝑁 is proportional to the excess of 𝑁 

over a fixed quantity 𝑃. This can be applied to several real-life processes. 

 

First note that the notation 𝑁(𝑡) , which shows that the function 𝑁(𝑡) depends of t, is often abbreviated 

N. So  
𝑑𝑁(𝑡)

𝑑𝑡
= 𝑘[𝑁(𝑡) − 𝑃]  becomes in abbreviation notation  

𝑑𝑁

𝑑𝑡
= 𝑘(𝑁 − 𝑃) 

However we must remember that in this equation, the term 𝑁 represents a function, whereas 

the terms 𝑃 and 𝑘 represent constants. 

 

The general solution of the differential equation 
𝑑𝑁

𝑑𝑡
= 𝑘(𝑁 − 𝑃)  is  𝑁(𝑡) = 𝑃 + 𝐴 𝑒𝑘𝑡 

Proof: 

If  𝑁(𝑡) = 𝑃 + 𝐴 𝑒𝑘𝑡  then 
𝑑𝑁(𝑡)

𝑑𝑡
= 𝐴 × 𝑘 𝑒𝑘𝑡 

as 
𝑑(𝑒𝑥)

𝑑𝑥
= 𝑒𝑥, and using the Chain rule for 𝑒𝑘𝑡 

whereas 𝑘(𝑁 − 𝑃) = 𝑘(𝑃 + 𝐴 𝑒𝑘𝑡 − 𝑃) = 𝐴 × 𝑘 𝑒𝑘𝑡 

therefore indeed 𝑁(𝑡) = 𝑃 + 𝐴 𝑒𝑘𝑡   is a solution of the differential equation 
𝑑𝑁

𝑑𝑡
= 𝑘(𝑁 − 𝑃) 

It can be shown that this family of functions are the only solutions of this differential 

equation (beyond the range of this course). 
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Newton’s law of cooling 

Newton’s law of cooling states that the cooling rate of a body is proportional to the difference between 

the temperature of the body and the temperature of the surrounding medium. 

𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 𝑀) 

where 𝑇 is the temperature at any time 𝑡 

and 𝑀 is the temperature of the surrounding medium (a constant) 
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Wilhelmy’s law 

Many chemical reactions follow a law that states that the rate of the reaction is proportional to the 

difference between the initial concentration of the reagent (i.e. the chemical reacting) and the amount 

transformed at any time. 

𝑑𝑥

𝑑𝑡
= 𝑘(𝑎 − 𝑥) 

where 𝑎 is the initial concentration 

and 𝑥 is the amount transformed at time 𝑡 

 

 

 

 
Note that given 

𝑑𝑁

𝑑𝑡
= 𝑘(𝑁 − 𝑃), where 𝑘 and 𝑃 are constants, if 𝑘 < 0, then lim

𝑡→+∞
𝑁 = 𝑃


