INTRODUCTION TO DIFFERENTIAL EQUATIONS

1 Verify by differentiation that the function y = x" is a solution of the differential equation y’— % y=0.

3 Verify the general solution and then specify any parameters in this solution and state the required particular
solution of the initial value problem.

@ General solution Differential equation Initial condition

y=Ae+10 Yy =2(10-y) ¥0)=3
®) General solution Differential equation Initial condition
y:AC-x‘l‘S y’:S—y )’(0)=10
© General solution Differential equation Initial condition
e’ ,
= =y(l-= 0)=2
Y= y=y1-y) »(0)
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INTRODUCTION TO DIFFERENTIAL EQUATIONS

4 Verify the general solution and then specify any parameters in this solution to find the required particular
solution.

(@ Trial solution Differential equation Initial condition
q
__=x 2,_ 2 __1
Y= ax 4l Xy =-y y=-3
(d) Trial solution Differential equation Initial condition
y=¢ (ax+b) Y'+2y +y=0 ¥0)=2,y(0)=1
(€) Trial solution Differential equation Initial condition
dz
y=asin2x+ bcos2x ﬁ+4y=0 H0)=1,y"(0)=2
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INTRODUCTION TO DIFFERENTIAL EQUATIONS

5 Classify each of the following differential equations in terms of its order, degree, dependent variable and
independent variable.
@ (7'=+  (B) ¥=xsin@) (9

+kx=0 (d) jx—y=y+y2

6 Given that y=¢** satisfies the differential equation i% =% + 2y, find the possible value(s) of k.
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INTRODUCTION TO DIFFERENTIAL EQUATIONS

8 Verify by differentiation that the given function is a solution of the corresponding differential equation.
(@ y= e* is a solution of yy = nxX""'y=0 (b) y=x-x"isa solution of xy’ + y=2x

(€) y=——isasolutionofy’ = (1-y)*=0 (d) y=—— isasolution of y’ = (1 -y)y

1+x 1+¢™
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9 The amount m(t) of medication remaining in the bloodstream t hours after swallowing a pill can be modelled
by the differential equation am _ 3+ de™.

The first term on the RHS represents the rate at which the medication is absorbed from the blood into the body and
the second term represents the rate at which the medicine enters the bloodstream. (This is exponential because it is
rapid at first, as most of the pill dissolves, then later becomes slower when only a small amount of the pill remains.)
(@) Verify by differentiation that m(f) = 4™ = &) is a solution of ‘;—m =<3m+4e7 .

(b) What is the initial amount of medication in the bloodstream?

(¢) When is the amount of medication in the bloodstream at it greatest?

(d) What is the long-term amount of medication in the bloodstream?
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10 The population of fish in a lake is initially 10000. The population would increase at a rate of 20% per year,
except that there is fishing quota of k fish per year taken from the lake. The population P after ¢ years is
modelled by the solution of the differential equation:

%:%P—kwithP:lOOOOwhent:O.

Here, k is the constant number of fish removed from the lake each year due to fishing (the fishing quota).
(@) If the fishing quota is set at k = 1000 per year, verify by differentiation that the number of fish in the lake

t years later will be P(r) = 5000(1 + eé).
(b) Alternatively, if the fishing quota is set at k = 3000 per year, verify by differentiation that the number of
fish in the lake ¢ years later will be P(f) = 5000(3 = e‘S')

More generally, you can assume an arbitrary but fixed fishing quota of k fish per year.
(c) Verify by differentiation that the number of fish in the lake ¢ years later will be P(f) = 5(k + (2000 - k)es)
(d) Hence choose a fishing quota of k fish per year to maintain the fish population at its initial value of 10000.
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