INTEGRATION OF TRIGONOMETRIC FUNCTIONS

The simplest integrals involving the trigonometric functions are:

Icosaxdx:%sinax+c jsinaxdx:-%cosax+c Iscc%xdx:%tanax-fc

The identity tan® x= sec’ x — 1 allows j tan” x dx to be found.

The double-angle results are: o sin2x=2sinxcosx
* €082x=cos x —sin’x

=2cos’x-1
=]1=-=2 sinzx,
which can be rewritten as cos” x = % and sin’ x = %.

These results can be used to reduce trigonometric expressions to the simpler forms given as the standard integrals,
which allows you to find integrals such as:

Jsinxcosxdx:% sin2xdx jcoslxdx=%j(l+c052x)dx jsinzxdx=%j(l—cos2x)dx

Integrals jsin’" xdx and joos"’ x dx, m an even positive integer

cos’x = %(l +cos2x)
sin’ x =%(l - cos2x)

_(1+c052x "
K 2

Thus you can write: cos' x = %(1 + 208 2x + cos’ Zx)

wl 1+ cosdx
= 4(1 +2cos2x + 3 )

%(3 +4¢0s2x + cos4x)
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INTEGRATION OF TRIGONOMETRIC FUNCTIONS

Example 1
Find:

@) Icoszxdx (b) Is'm‘xdx © Isin22xdx (d) jsm’xcos’xdx
Solution

(a) Icoszxdx=% (1+cost)dx=%+%sin2x+C

(b) sin‘x=%(l-c052x)z assin2x=%(l—c052x)

= %(l —2cos2x +cos” Zx)

=1f- 1
-4(1 2c052x+2+2cos4x)

%(3- 4c0s2x + cosdx)

Hence: Isin‘ xdx = %I(3 —4cos2x +cosdx)dx

- l(sx- 2sin2x + lsin4x) +C

8 4
) P g
=3 4sm2:¢+3zsm4x+C
(c) Isinﬁxdx:%f(l-cos4x)dx=%—%sin4x+c
(d) Assinxcosx=%sin21:
sin” x cos” x = %sin2 o — %(1 —cosdx)
ta 2 _1 e
Hence: |sin” x cos xdx—g (l-cos4x)dx—§-3—zsm4x+c

Alternatively: sin’xcos’x = sin’ x(1 — sin’x) = sin’x — sin" x

Now jsinzxdx = %J(l —cos2x)dx = %— lsian +C

4
. 4 _Rbe b 1 .
and smxdx-T-Ismbt+3—2sm4x+C from part (b)
Hence: jsmzxcmzxdx=jsinzxdx—jsin‘xdx=%—%sin4x+C
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INTEGRATION OF TRIGONOMETRIC FUNCTIONS

Use of If(u) du, u = g(x) for trigonometric integrals

Example 2

Find: (a) jcosxsinxdx (b) Icosx sin’ xdx (c) Ixcosxzdx

Solution

(@) Let u=sinx so that du= cosx dx
2
jcosxsinxdx = Iudu ="7+C=%sinzx +C
This method may be used instead of writing the integrand in terms of sin 2x as mentioned earlier.

(b) Let u=sinx so that du=cosxdx:
Icosx sin’ xdx = Iu’du=lu‘ +C

4
=%sin‘x+C
Alternatively:
Icosx sin’ xdx = J‘sinsx cos x dx is of the form I[](x)]"f'(x) dx = ﬁ[[(x)]”l +C

.. This integral is the reverse of the function-of-a-function rule, so:
Icosx sin’ xdx = %sin‘ x+C
(c) Let u=x"so that du=2xdx:
jxcosxz dx =21 | cosudu=Lsinu+cC

2 2

1l 2
—Zsmx +C
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INTEGRATION OF TRIGONOMETRIC FUNCTIONS

Example 3
Find: (a) Icos’xdx (b) jsin’ xdx (c) Isinz x cos’ xdx

Solution
(@) Icos’xdx = J‘coszx cosxdx

= j(l—sinz x)cosxdx
= j(cosx—smzxcosx)dx
Now use I[[(x)]zf'(x) dx = %[f(ar)]3 + C where f(x) = sinx so that f’(x)=cosx
Icos’xdx=sinx-%sin’x+€
(b) Isin’ xdx=jsinzx sinx dx Alternatively: Let u = cosx so that du = -sinxdx:
Isin’xdx =I(u2—l)du

= I(l — cos® x)sin x dx

lu’—u+C

= I(coszx—l)(—smx)dx =

cos’ x—cosx +C

[ |

= I(—sinxcosz X + sinx)dx
%cos’x-cosx+C
(c) Iﬂnzx cos’ xdx = J(l - cos” x)cos’ xdx

= I(cos’ x —cos® x)dx

Now J'cos’xdx = sinx—%sin’x +C from (a)

and Icossxdx = Icos‘ x cosxdx
= J(l— sin’ x)? cos x dx
= j(l—Zsinzx +sin’ x)cosx dx
= I(cosx - 2sin® xcos x + sin" x cos x) dx

=sinx--§—sin’x+%sin5x+c

Thus: I(cos’x-cossx)dx = sinx-%sin’x—(sinx—%sin’x+ %sin5 x)+C

o (s ) RS
—3smx ssmx+C

Alternatively: Isinz x cos’ xdx = j‘sin2 x cos’ x cos x dx

Let u = sinx so that du = cosxdx and cos’x=1 - u’:

Isinz x cos® xdx = juz(l —u’)du

=I(uz-u‘)du

_13 15

=3u —zu +C

=lsin’x—lsin5x+c
3 5
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INTEGRATION OF TRIGONOMETRIC FUNCTIONS
Example 4
Evaluate:  (a) fcoszzxdx (b) J‘_%smx cos’xdx  (c) J;ﬁn3xdx

Solution

1B

(a) j cos 2xdx-—I'(l+cos4x)dx

[¢+ banes]
(§+0-9)

]
B |-

e

Il
N

(b) Let u=cosx, du=-sinxdx.

Calculate the new limits of the definite integral, x = %z u= cos% = % x= % u= cos% =0
i o H 1 5
I sin x cos’xdx=-j u’ du or I sinxcos’xdx=-—[cos‘x]z
z 1 z 4 Iz
¥ b3 3 3
1 1 1
g ==—10-3=
= [4]: 4 16
: =L
— s 64
T 64

A N PR T _f" _ 2 )
(c) Lfsm xdx-L{sm xsmxdx—Lf(l cos” x)sinxdx

Let u=cosx, du=-sinxdx.

3r. 3m__1 e —
x—T. U= Ccos— " 72- X=m: u=cosn=-1
i D = 2 £ s R 2
Jnsin xdx=—J (1=u")du or L,_Si" xdx=L&(sinx—sinx cos” x)dx
4 _:,z' 4 4
-] 2 l 3 X
=I (u” =1)du =[—cosx+§-cos x]”
+ r
T 1 (1.1 1Y
— u__ =]l-—-— = -
_[3 ull -1 (2+3x( 2))
i
2 1 1
1 1 1 = =
(orfo 2 (35-2t)
( 3 ( 6V2 2)] R -
2 D 2 542
2 542 = N
152 ? &2 3 1
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