INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

In the Mathematics Extension 1 course, you established the derivatives of the inverse trigonometric functions (see
New Senior Mathematics Extension 1 for Years 11 & 12, Chapter 11). These lead to the following integrals.

. J 1 dx=sm'x+C for-a<x<a . I za 2dx:lan_'x+C for all x
az_xz a +x

-J ol dx=cos?'X+C for-a<x<a
;az_xl a

The integrals in the following example were first considered in the Mathematics Extension 1 course.

Example 5
- dx -1 2 —
dx dx -
dx
" J‘Jl-9x2 ¥ Il+4 - '[34-25::’

Solution

dx X -1 =
= dx: —
(a) Im sin +C (b) 179—7 cos 3+C
*5+C (d) J d - =sin"7x;+c
33—x

(e) Write: \/ - J9—-x 31’ 3) -x*

Thus: I dx -3 dx:-ism —"—+C=%sin'l3x+C
J1-9x7 J(l)’ 2 (L
3] =% 3

(f Write: 1+4x’ = 4(% + xz) =3 4((%)2 +x2)

1+4x 4-[() ;J‘(i_z % (%) =2

(@ Write: V4-25x7 ,fzs(g-x 51’ 2) —
jm ZIJT -'(;)-FC —sm"5x+C
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INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

Integration by substitution

The integrals in the previous example were found by the standard trigonometric integrals. They can be
found explicitly by the method of change of variable, also called ‘integration by substitution; i.e. the process:

[frax= s ax= [ fu)du

An expression like Va* - x* canbe integrated with a substitution of x = asin @ or x = acos 8, while an expression
like @’ + x” can be integrated with a substitution of x = atan @, as shown in the following examples.

Example 6
, dx —dx dx
Find: (a —— c
@t elEs elis
Solution
(a) ‘I4~—x2 =‘Iaz—x2 with a =2, so use the substitution x = 2sin 6 for —%<9<%
(x+ i% as these values make the denominator of the integrand zero)
Thus: %=2cose,dx=2cosed9
and J4—x2=\/4-4sin20=\/4c0526=2c058 as-%<8<%(i.e.cose>0)
i dx _ [2cosBdd _
Hence: IJ4—xZ ~ ) 2cos@ —Idﬂ
=0+C
sin?'X+C

Dl
2
(b) V1-9x° = 3,’%- xt= 3" %) -x* =3Ja* - x*,soputa= % and use the substitution

= gcose for0< @< m(x#0, m as these values make the denominator of the integrand zero).
1

3
and \/l-9x2=\/l-cos20=s'm0

. -dx = -1 (-l. ) =l
Hence: I\/l-9xz Jsinox 3sm0d8 3Jd8

+C

dx _ . o
Thus: B8-" smB,dx--3sm9¢£

C-)

-3

=1leos3x+C

w

(¢) 4+ x*=a’+x* with a=2, so use the substitution x=2tan 6

Thus: Zx—o =2sec’ @, dx=2sec’0dO

and 4+x =4+4tan’0=4(1 +tan’ @) =4sec’ 0

Hence: I dx2= lz
4+ x 4sec @
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INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

In Example 6(a), the restriction that 6 is in the interval == Schct has several implications.
2
It means that ¥4 — x* = Y4cos’ 6 requires you to find the posmve square root of the expression, because

——<8< nmplnescosO>Oandhence 4-x" =2cos#.

If the restriction had been X <6 " 5 T then cos @< 0 and so Y4 — x> = —2cos6.
The domain of the substitution should be chosen to coincide with the corresponding inverse function:

« for the substitution x = asin 6, set -% <f< %

« for the substitution x=acos6,set0< 0 < .

. 2 . 1 .
The endpoints of the domain are not included as 7— is undefined there.
2 2
a’ -x

For the substitution x = tan 6, no restriction on @ is required: 1 + x* > 0 for all values of x, so the denominator of the
integrand will never be zero for real values of x.

Example 7
Find: (a) jm () [Va-x*axforjf<2 © [xa-x?ax for <2
Solution
(a) Let (x+2)*+9=9+ u" where u =x + 2. Thus du = dx.
dx du
H - = ==
i (x+2)P+9 J9+u® 3Jo4+d?
1. -1u
-3tan =+C
1, ax+2
—3lan 3 +C

(b) ﬁ suggests the substitution x = 2sin 6 where -% <g<®
Note that 8 = i% is allowed in this case as ¥4 — x* does not occur in the denominator.
Let x = 2sin 850 that dx = 2cos 8d@and: ¥4 — x* = Y4 - 4sin’ @ = 2cosf
Hence: jmdx = chosOx 2cos@db = ZIZCOSZOdG

=2 _" (1+cos20) d6
= 2(0+%sin28)+c
=20+sin20+C
=260+ 2sinfcos@ + C
2
Now x=2sin 6, soB=sm"’2‘andcose—% ,

IJ4  dx=2sin” 5 + "“2 2, ford <2 4

-2

() x \/4 ~x* is of the form f'(x)[ f(x)]", which suggests a substitution of the form u=4 - x* rather
than a trigonometric substitution.

Let u=4 -, so du==2xdx, xdx=-
Hence: Jx 4-x dx—-—JJ-du

au
2

__13
==-3u +C

1 3
==-3(4-x")T+C for<2

The substitution x = 2 sin @ would have found the same answer, but it would have taken more steps.
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INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

Example 8

35 Nl i i 2
Evaluate: (a) _L s I_J; ﬁdx © .[. lf’; ) LJ.;-xzdx
Solution

B dx _[--l£ 11 _ .4
(a) Io ﬁ- sin 5j[—‘-sm 5 sin" 0= 6

Alternatively: Use the substitution x=5sin@ where -% <f< %z

x=5sin6, dx=5cos0d0: V25-x* =[25-25sin?0 =5cosO

Limits of integrationare x=0: =0 x=25: sin@= %, U= %

P _dx [ 1 (S _X
Hence: J e xz-'[ 5CosoxScosOdO-J' dO-[OE-K

3]’ = Bocort ()53

(b) IJ.H

Alternatively: The substitution x = 2 cos 6 could have been used.

C
@ ) 1.2
Alternatively: The substitution x = tan 6 could have been used.

(d) Letx=2sin, where-Z << Z.

2° 25
x=2sin6, dx=2cos 0d6: J-t-x =\/4-4sin28=2c050
Limits of integration are x=0: 8=0 x=2:sinf=1, 8=%
2 x
Hence: J J“t—x2 ax = I: 2cosf X 2cos0dO
0
1
=ZI 2cos>0d6
0
3
=ZI (14 cos26)d6
0

= [20+5sin26]f = (7 +sin7) = (0+sin0) =7

The graph of y = V4 - x? for the domain 0< x <2 is the quadrant
of the circle x* + y* = 4 that is in the first quadrant. The formula for
the area of a circle could have been used to evaluate the integral:

Area=%x7rx22=7r (asr=2)
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INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

Sum or difference of two squares

All quadratic expressions of the form ax” + bx + ¢ can be expressed as the sum or the difference of two squares,
depending on whether their discriminant A = b” — 4ac is positive or negative. This can be achieved by completing
the square of the quadratic.

After the quadratic expression is written as the sum or difference of squares, its associated integral can usually be
found by using an appropriate substitution.

Example 9
. dx dx dx
Find: (a) j— (b) _[ (c j
x'+4x+13 \_/9+l6x—4:‘:2 \_/Zx-xz
Solution
(@) Completing the square: (b) Completing the square:
xz+4x+13=xz+4xz+4+9 9+l6x—4x2=—4[x2-4x-2]
=(x+2)"+9 4
Letu=x+2sodu=dx __4[ 2 _gxed)—4d 2]
Hence (x +2)°+9=9+u> =—4|(x" —4x+4)-4-7
dx = [—1_g4 =25-4(x-2)*
Tiax+13 dorud t
X +ax+ . Letu=x-2sodu=dx
=tan"44C Hence 25 — 4(x — 2)° = 25 — 4u™:
dx du
1. afx+2 j =I
=3 ( 3 )*C Vo+16x—4x® 7 2543
-1[
=3 7_24_5-"2
=Ll 2u
=3 sin 5+C
1. a2(x=2)
=5 sin 3 +C

(c) Completing the square: &= ==[(F=-2x+1)-1]
=1-(x-1)
Let u=x-1sodu=dx
Hence 1 = (x=1)’=1-u%

dx _ du
J“IZJc-xz _J‘\/l-uz

=sin" u+C

=sin(x=-1)+C
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