VECTORS IN GEOMETRIC PROOFS

Consider the parallelogram OABC where OA = a and ocC= b. Express OB

and CA in terms of a and b. Hence show that the diagonals of a parallelogram p - 5
meet at right angles if and only if it is a rhombus. . :
0B -Oh +AB =T+ ¥ %
Ch-CB+RPA-T-T b

Ig oML 1n o Alobus , Hon [Z[=]B]

1) Bk o OB. A= (3+5). [@-FB)-T.[-B)+T.a +5.@ +5.(-5)
¢ SR R 8] e (7-0) + 1T @] +1TIIB] 2 & + ’01”?*’ C;;r
s = [a] [_cm9+l+ao9;l] obe @ 0= L&,
_ 0 S OBod TAar R pupmdiolr.

2 Consider the parallelogram ABCD, where AB = a and AD = d.

Prov;tlh;xt the midpoints of the sides of a parallelogram join to form )

a parallelogram. 44 F
ER _ | BA+ L /iB =_l1ad +1%

o EA*m-zBFQZI’E i R

Rt = g 1 C . .

FG = FC+Ce =1 -1 > >

S EH = F&

hkwvae —> = (x4 T)

— M4+l DColLd+Lla=1(*

EF - EB + &F = 7 ) 2 Z
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3 Consider the quadrilateral ABCD, as shown. Z+ '5':__ _ [ L -f.at) 'g’ B
Letﬁzq,ie=lg,5[3=gand5/r=¢j. . ¢ -
Which one of the following statements is correct? go A+ C :-—'B.—H. oc
A a-c=b-d B a+b=c+d C
C a+c=b-d @ a+c=-b-d

4 Consider the circle with centre O and radius OA = a. Band C are points on the
circle and BC = b.

Which one of the following statements must be true?

A g:%-lz NO B g:—%lg NO (mo(’mmdx‘mf@) !
C aeb=beb D 2aeb=-beb
g T T= XI5 »0f-8) Bu az@:_l:_“: - ody
< T.F 5 |7 ‘M -__—",_E_E- 2 &) fxa'o
210y 2 g 2@ F=- IBIZ.—_—B-ED
5 Use vector methods to prove that the midpoint of the hypotenuse of

a rlght angled triangle is equidistant from all vertices.

R ZIMC) oo Mo midpoink o AC

We woub fo Ao Har |FB | = [N&] = |AC]
AB.BL =0 a0 AABL b aghi-asghd of B
So (Ri+FB). (B+7C) =0

b AM=MC MR- Bl ek B
o |F|IBR | Ao IR - — 1B +lﬂb|)m\l i o
A B e + (AT > _|BR) + INBlIAT] @b =
s

¢ AR |*= 181

—

So lﬁ’f— ‘%n\
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7 ABCD is a rectangle.
(@) Prove that the diagonals of a rectangle bisect each other.

(b) Prove that the diagonals of a rectangle are equal in length. \/

o) bt x &mm&wag&b N g g
ad Y k%mwo{%‘&

\MQ,MM(‘OWADE ok~ X =Y o
@J’m”z)%(“ﬁ”)ﬁ*i— D&

Y _ AL = L
AY_Z_'AC .

W reaé ;«7—_—@*‘5}? = 4+ 5@
ﬁ:ﬁ s X=Y o bl \ecor Rowe. tha ome

N

.

b (ic|-|RB+ 8C|-[a+ ]
whoteon )D&I—IDL+CE>I—ICL+(——‘E>)
]A@l [lomt*s\] _ (&+8). (& +3) [a] L5458 +]F )*

Buk X and T o F“Mw/'.‘ 2 = E.8=0
AC] = [@I*+ 151
DB [la+ (%)) = @-5). (2-5) 828 -5 +5F
B ® and T or Pupdimﬁw/ . 3.F-b.&=0
So | DB [ = [af+ [FI*
.o N Y L |A2| - (DB |
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8 BDEF is a parallelogram contained within a triangle ABC, as shown. A o F B
Let AF = a, BD = b and F be the midpoint of AB. >
(@) Find the vector AE in terms of aandb. B < 7D
(b) Use vector methods to prove that BD= %_6 P

— ——— =
ﬁ = K, 5D = -B, A =~ é A

D) We fuow ot @ AF= LA oad @ BDEF io a /gum

TRl ® - ik cinllos tiangle : EFJ 8D o ef /) BC .. M\AEF [ AMC

2E¥F BC
re BC )
pot BD= EF BDEF i 0~//7w» s 28D = BC
AOBDMBCMa MO\\W/m\o\MDiMT&%BQ

iy

e Con iy ok 2 B0 e
NeRod @ = wit vechrs. AEmd C o _ciﬁmr & ME =% AE
Lo whoe .B/DMCM& co@;;nﬁr g BC:%&D
@’:;TC+ZE:%KE~330 -z [@+F
% A’E’f_xa’ﬂt(mec\j)ﬁ

Ay we Jro  foaow  fhat AL =20

chn.\'i fen o~ X mdes 0 e z7(_= ¢
.‘, / Q,Clu,(lQ()ANg ‘)OW& QCL.-’» Zx_“g - D Jz Z
ng Ea = 2. P)D ov ﬁD =

...OL[E’

1 BC
2
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9 ABC s a triangle with AB= aand AC= b. X is the midpoint of BC as shown.
(@) Find BX and AX. e i
(b) Find2(BXeBX+AX ¢ AX).

Apollonius’ theorem relates to the length of a median of a triangle to the lengths of its sides. In any triangle,
the sum of the squares on any two sides is equal to twice the square on half the third side together with twice

the square on the median which bisects the third side.
(c) Prove this, i.e. prove that |X§'z + |X8|2 = 2(‘,4_)()!1 + ’ﬁlz )

B X c

A - AE+ BX =
Y 2/15>< BX +AX . AX) 2_[5}(‘ ;A}}(’,j
Buk i R.ﬁ{é(ﬂua] .[é{f@)};ﬂ{&a&{mzﬂ
o BX. BX = _41‘_[{5]1__ =
Boear B AR - [r_[ms)]‘[zi (ms)}: 4’7[@*5)(&*“]

S M. Ax_—zlalzw%a 5+/ng

L2 (BB R )= 2+ L frof- zmuat)u{aumsus))
—— = [a[+I5P
AR AR Rl z[;e:m(mj

of  |RB|* + [AC[*= [ K" + 1A
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10 Consider the parallelogram OABC where OA= a and oC = b. A -‘6' B
(@) Find the diagonals OB and AC in terms of aand b.

(b) Find the sum of the squares of the lengths of the sides of the
parallelogram in terms of @ and b. .

(c) Find the sum of the squares of the lengths of the diagonals OB 0 -B, C
and AC in terms of a and b.

(d) Hence prove that the sum of the squares of the lengths of the
diagonals of a parallelogram is equal to the sum of the squares of the lengths of the sides.

) o8 =Ok +AB = T+ ¥ AC - AG+0C =~ + F
) Tht s . AP+ IEP]
o) |58+ |AC|* = 0B.08 + AC.AC
(T +F)[E+5) +(F-a)(b-a)
= |2+ 7T+ BT+ |52 +|5|*-D.& -2
2zt 251 = 2[1&f+ (5]

&
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