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𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝜷 =
𝟏

𝟐
[𝒄𝒐𝒔( 𝜶 + 𝜷) + 𝒄𝒐𝒔( 𝜶 − 𝜷)] 

Proof: 

As demonstrated before:   𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 − 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

and      𝑐𝑜𝑠( 𝛼 − 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

Adding both equations, we obtain:  𝑐𝑜𝑠( 𝛼 + 𝛽) + 𝑐𝑜𝑠( 𝛼 − 𝛽) = 2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 

or by swapping both sides:   2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 = 𝑐𝑜𝑠( 𝛼 + 𝛽) + 𝑐𝑜𝑠( 𝛼 − 𝛽) 

Therefore     𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 =
ଵ

ଶ
[𝑐𝑜𝑠( 𝛼 + 𝛽) + 𝑐𝑜𝑠( 𝛼 − 𝛽)] 

𝒔𝒊𝒏 𝜶 𝒔𝒊𝒏 𝜷 =
𝟏

𝟐
[𝒄𝒐𝒔( 𝜶 − 𝜷) − 𝒄𝒐𝒔( 𝜶 + 𝜷)] 

Proof: 

As demonstrated before:    𝑐𝑜𝑠( 𝛼 − 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

       𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 − 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

Subtracting both equations, we obtain:  𝑐𝑜𝑠( 𝛼 − 𝛽) − 𝑐𝑜𝑠( 𝛼 + 𝛽) = 2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

or by swapping both sides:    2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 = 𝑐𝑜𝑠( 𝛼 − 𝛽) − 𝑐𝑜𝑠( 𝛼 + 𝛽) 

Therefore      𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 =
ଵ

ଶ
[𝑐𝑜𝑠( 𝛼 − 𝛽) − 𝑐𝑜𝑠( 𝛼 + 𝛽)] 

𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 =
𝟏

𝟐
[𝒔𝒊𝒏( 𝜶 + 𝜷) + 𝒔𝒊𝒏( 𝜶 − 𝜷)] 

Proof: 

As demonstrated before:   𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

      𝑠𝑖𝑛( 𝛼 − 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

Therefore, adding both equations:  𝑠𝑖𝑛( 𝛼 + 𝛽) + 𝑠𝑖𝑛( 𝛼 − 𝛽) = 2 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 

or by swapping both sides:   2 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 = 𝑠𝑖𝑛( 𝛼 + 𝛽) + 𝑠𝑖𝑛( 𝛼 − 𝛽) 

Therefore     𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 =
ଵ

ଶ
[𝑠𝑖𝑛( 𝛼 + 𝛽) + 𝑠𝑖𝑛( 𝛼 − 𝛽)] 
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𝒔𝒊𝒏 𝜽 + 𝒔𝒊𝒏 𝝋 = 𝟐 𝒔𝒊𝒏 ൬
𝜽 + 𝝋

𝟐
൰ 𝒄𝒐𝒔 ൬

𝜽 − 𝝋

𝟐
൰ 

Proof: 

As demonstrated before:  𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

𝑠𝑖𝑛( 𝛼 − 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

Therefore:    𝑠𝑖𝑛( 𝛼 + 𝛽) + 𝑠𝑖𝑛( 𝛼 − 𝛽) = 2 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 

 

Defining 𝛼 + 𝛽 = 𝜃 and 𝛼 − 𝛽 = 𝜑 

So  𝛼 =
ఏାఝ

ଶ
 and 𝛽 =

ఏିఝ

ଶ
 

Therefore 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛 𝜑 = 2 𝑠𝑖𝑛 ቀ
ఏାఝ

ଶ
ቁ 𝑐𝑜𝑠 ቀ

ఏିఝ

ଶ
ቁ 

𝒔𝒊𝒏 𝜽 − 𝒔𝒊𝒏 𝝋 = 𝟐 𝒄𝒐𝒔 ൬
𝜽 + 𝝋

𝟐
൰ 𝒔𝒊𝒏 ൬

𝜽 − 𝝋

𝟐
൰ 

Proof: 

As demonstrated before:  𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

𝑠𝑖𝑛( 𝛼 − 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

Therefore:    𝑠𝑖𝑛( 𝛼 + 𝛽) − 𝑠𝑖𝑛( 𝛼 − 𝛽) = 2 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

 

Defining 𝛼 + 𝛽 = 𝜃 and 𝛼 − 𝛽 = 𝜑 

So  𝛼 =
ఏାఝ

ଶ
 and 𝛽 =

ఏିఝ

ଶ
 

Therefore 𝑠𝑖𝑛 𝜃 − 𝑠𝑖𝑛 𝜑 = 2 𝑐𝑜𝑠 ቀ
ఏାఝ

ଶ
ቁ 𝑠𝑖𝑛 ቀ

ఏିఝ

ଶ
ቁ 
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𝒄𝒐𝒔 𝜽 + 𝒄𝒐𝒔 𝝋 = 𝟐 𝒄𝒐𝒔 ൬
𝜽 + 𝝋

𝟐
൰ 𝒄𝒐𝒔 ൬

𝜽 − 𝝋

𝟐
൰ 

Proof: 

As demonstrated above: 𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 − 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

    𝑐𝑜𝑠( 𝛼 − 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

Therefore:    𝑐𝑜𝑠( 𝛼 + 𝛽) + 𝑐𝑜𝑠(𝛼 − 𝛽) = 2 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 

 

Defining 𝛼 + 𝛽 = 𝜃 and 𝛼 − 𝛽 = 𝜑 

So  𝛼 =
ఏାఝ

ଶ
 and 𝛽 =

ఏିఝ

ଶ
 

Therefore:  𝑐𝑜𝑠 𝜃 + 𝑐𝑜𝑠 𝜑 = 2 𝑐𝑜𝑠 ቀ
ఏାఝ

ଶ
ቁ 𝑐𝑜𝑠 ቀ

ఏିఝ

ଶ
ቁ 

𝒄𝒐𝒔 𝜽 − 𝒄𝒐𝒔 𝝋 = −𝟐 𝒔𝒊𝒏 ൬
𝜽 + 𝝋

𝟐
൰ 𝒔𝒊𝒏 ൬

𝜽 − 𝝋

𝟐
൰ 

Proof: 

As demonstrated above: 𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 − 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

𝑐𝑜𝑠( 𝛼 − 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

Therefore:   𝑐𝑜𝑠( 𝛼 + 𝛽) − 𝑐𝑜𝑠(𝛼 − 𝛽) = −2 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

 

Defining 𝛼 + 𝛽 = 𝜃 and 𝛼 − 𝛽 = 𝜑 

So  𝛼 =
ఏାఝ

ଶ
 and 𝛽 =

ఏିఝ

ଶ
 

Therefore:  𝑐𝑜𝑠 𝜃 − 𝑐𝑜𝑠 𝜑 = −2 𝑠𝑖𝑛 ቀ
ఏାఝ

ଶ
ቁ 𝑠𝑖𝑛 ቀ

ఏିఝ

ଶ
ቁ 
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