SUM AND DIFFERENCE OF TWO ANGLES
DOUBLE ANGLE FORMULAE

cos 3 I

cos(a—fB)=cosacospf +sinasinf
Proof: The length AB can be calculated with Pythagoras theorem:
AB? = (cos a — cos $)? + (sina — sin §)?
AB? = cos? a — 2 cos a cos B + cos? f + sin? @ — 2 sina sin  + sin? B
AB? = cos? a + sin® a + cos? B + sin? B — 2 cosa cos B — 2 sina sin 8
AB? = (cos? a + sin? a) + (cos?  + sin? B) — 2 (cos a cos B + sina sin B)
AB? =1+ 1—2(cosacospf + sinasinf)

Therefore: AB? =2 —2 (cosacosf +sinasinf)  Equation (1)

The same length AB can also be calculated applying the cosine rule to triangle OAB.
AB? = 0A? + OB? — 2 X 0A X OB cos(a — B)
but 0A = OB = 1 so this simplifiesas: AB?=124+12-2x1x 1 cos(a — )
Therefore AB? =2 -2 cos(a — B) Equation (2)
Equalling Equations (1) and (2), we obtain:
2—2(cosacosf +sinasinf) =2 —2 cos(a — )

which simplifies as:

cos(a — B) =cosacosf +sinasinf

Section 1 - Page 1 of 6



SUM AND DIFFERENCE OF TWO ANGLES
DOUBLE ANGLE FORMULAE

cos(a+f)=cosacosf —sinasinf

Proof:
cos(a+ p) =cos(a—(—p))
cos(a+ ) =cosacos(— ) +sinasin(—f) using the formula from above
But cos(—p) =cosp and sin(—pB) = —sinp
Therefore cos(a+f) =cosacosf —sinasinf
Particularly, when a = 8, we obtain: COS(ZCX) = COS2 a — Sile a
which as sina + cos?a =1 can also be written as:

cos(2a) =2cos’a —1 or

cos(2a) =1 —2sin«a
sin(a+ B) =sinacospB + cosasinf

Proof:

sin(a + ) = cos[90 — (a + B)]

sin(a + ) = cos[90 — a — ]

sin(a + B) = cos[(90 — a) — B]

Now, as demonstrated above, cos(a — B) =cosacosff +sinasinff  therefore:

sin(a+ f) = cos(90 — a) cos f + sin(90 — a) sin

But c0s(90 — a) = sina and sin(90 — a) = cos a
therefore: sin(fa+ f) =sinacosf + cosasinf
Particularly, when a = 8, we obtain: Sin(Z CZ) =2sinacosa

sin(a—pB) =sinacosf —cosasinf

Proof:
sin(a — B) = sin[a + (—p)]
Now, as demonstrated above, sin(fa+ f) =sinacosf +cosasinf  therefore:

sin(a — B) = sina cos(—p) + cos a sin(—f)
But cos(—pB)=cosf and sin(—p) = —sinf

therefore: sin(fa — ) =sinacosf — cosasinf
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SUM AND DIFFERENCE OF TWO ANGLES

DOUBLE ANGLE FORMULAE
¢ L) = tana + tanf
an(a+p) = 1—-tanatanp
By definition: tan(a + ) = —EZ;((Z:[;;

Substituting with the formulas from above, we obtain:

sinacos f + cosasinf

tan( o + =
( A) cosacosf —sinasinf

We divide both numerator and denominator by (cos a cos )

sinacosf + cosasinf
cosacosf
sinasinf
"~ cosacosf

tan(a + p) =

sinacospB |, cosasinf
cosacosfl  cosacosf
sinasinf
" cosacosp

tan(a + p) =

sina  sinf
cosa cosf
sina sinf
"~ cosacosf

tan(a + p) =

tan a+tan 8

Therefore: tan(a+pf) =

l1-tanatanf

2tana

Particularly, when a = 8, we obtain: tan(za) - 1—-tan? «a

tana — tanf
1+tanatanp

tan(a—p) =

tan(a — B) = tan[a + (—p)]
We use the formula from above

tan a + tan(—p)
1 —tana tan(—p)

tan(a —p) =

But: tan(—p) = —tanp

tana—tanf8

therefore:  tan(a —p) = rTTT——
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DOUBLE ANGLE FORMULAE

Example 1
Find the expansion for each expression, simplifying where possible.

(@) sin(3x+2y) (b) cosQa+p) (c) tan(A +45°)
Solution

(@) sin(3x+ 2y)=sin3xcos2y+ cos3xsin2y

tan A 4+ tan45° _l+tanA
—tan A tan45° 1-tanA

(b) cos(2a+ B) =cos2acos - sin2asin

(c) tan(A+45°)= 1

Example 2

Simplify each expression.

(@) sin(Qo+ B)cos f-cos(2a+ P)sinff  (b) cos(20-3a)cos260+ sin(20-3¢)sin260
Solution
By recognising the form of the equation, the two-angle expansion can be used in reverse:

(@) sin(2a+ B)cosf-cos(2a+ f)sin f=sin[2a+ f) - f] =sin2a

(b) cos(20-3a)cos26+ sin (20— 3a)sin20=cos[(20-3a) - 26|
=cos(=30a) =cos3ax

Example 3

If @and ¢ are acute angles and sin 6= %and tan ¢= %, find, without using a calculator, the exact value of the
following expressions:

(@) sin(6+ @)

(b) cos(6-¢) (c) tan(6-9¢)

Solution
Draw right-angled triangles for each ratio and use Pythagoras’ theorem to find the third side.

ing=3 _2a
smO—S tang= =
_4 g 3 . u|  \zs
cos @ 5 ! smaxt---E
3 4
tan == :l
an 2 cos o 35 i
(@) sin (6+ @) =sinBcos @+ cosOsin ¢ tan@ - tan¢
c) tan(0-¢)= ————
=3y7 4,24 © =9 1+ tan@tang
DRSSP 3 24
_17 _ 17
125 = 3 24
i i LE=X
(b) cos (60— ¢)=cosBcosd+sinOsing 477
_4_.7 ,3_24 21-96
== X—+=x= =
5 25 5 25 28+72
=100 =13
125 ~ 7100
=4 =3
5 T4
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SUM AND DIFFERENCE OF TWO ANGLES

DOUBLE ANGLE FORMULAE
Example 4
If tanA=-%, 90° < A < 180°, andcosB=%, 0° < B < 90°, write the exact value of the following.
(a) sin(A-B) (b) cos2A (c) tan(A+B) (d) sin2B
Solution
Draw diagrams to show the given ratio for each angle, then use the diagrams to find the other ratios for the angle.
e o 12
smA—54 . y sinB=13
== =D
CosA=-¢ 3 A cosB=7%
A=~ =9 = anB=12
(@) sin(A—-B)=sinAcosB—-cosAsinB (b) cos2A =cos’A —sin’A
_3,5,4,12_63 - _s)’_(é)zzl
51375713765 ( 5) ~\5) =25
tanA+tanB . e
(c) tan(A+B)—m (d) sin2B=sinBcosB
_ 120005
B A =IX3*1
1+3x2 56
_120
169
Example 5
cos36 sin360 sin 2o +sin &
(a) Provethatsin—e+m—2cot20. (b) Provethatl+cosm+cosa—tana.
Solution
(a) LHS= c;sn;e Sc‘:)‘:: (b) Method 1
sin 2+ sin o
_ cos 36 cos 6 +sin 36 sin 0 IS =1t oo
- sin @ cos 6 . .
_ 2sinccosa+sina
— (36=60) 1+2cos’ a=1+cosx
1sin26 .
_sina(2cosa+1)
=2f°_520 “cosa(2cosa+1)
sin 26 -
=2cot20=RHS =j::z if 2cosax+1#£0
=tana=RHS
Method 2

In the denominator, use formula (7] to directly
replace 1 + cos2a with 2 cos’ a.
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DOUBLE ANGLE FORMULAE
Example 6
Ifcosx=-%and-’-§$xsn’.ﬁndthevalueof: (@) sinx (b) sin2x
Solution

From the diagram (drawn to show the given ratio for the angle):

7

(a) sinx=T

Example 7
Simplify:

L X _nZ inZk
(a) cos 3~ cos ‘= —sin 3 sin ¢

Solution

3

4
(b) sin2x=2sinxcosx

N

2l \_
W7
8

0 sn(§-0)esn(5e) @ so(f-s)en(s)

(@) cosZcos % —sin ZBLsm 16[ = cos (% + %) (using formula [2] from page 75)

=COS-&=O
(b) sin(%—e)+ sin(%—cp) =cos O+ cos o

(c) sin(%-x)cos(%—x)

(35 T ] I 1 (P

XZSm(%—x)cos %—x)

sin2 (% -X ) (using double-angle formula [8] from page 75)

sin(%-Zx)= Ccos2x

19 |
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