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𝒄𝒐𝒔( 𝜶 − 𝜷) = 𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝜷 + 𝒔𝒊𝒏 𝜶 𝒔𝒊𝒏 𝜷 

Proof: The length AB can be calculated with Pythagoras theorem: 

𝐴𝐵ଶ = (cos 𝛼 − cos 𝛽)ଶ + (sin 𝛼 − sin 𝛽)ଶ 

𝐴𝐵ଶ = cosଶ 𝛼 − 2 cos 𝛼 cos 𝛽 + cosଶ 𝛽 + sinଶ 𝛼 − 2 sin 𝛼 sin 𝛽 + sinଶ 𝛽 

𝐴𝐵ଶ = cosଶ 𝛼 + sinଶ 𝛼 + cosଶ 𝛽 + sinଶ 𝛽 − 2 cos 𝛼 cos 𝛽 − 2 sin 𝛼 sin 𝛽 

𝐴𝐵ଶ = (cosଶ 𝛼 + sinଶ 𝛼) + (cosଶ 𝛽 + sinଶ 𝛽) − 2 (cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽) 

𝐴𝐵ଶ = 1 + 1 − 2 (cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽) 

Therefore:   𝐴𝐵ଶ = 2 − 2 (cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽) Equation (1) 

 

The same length AB can also be calculated applying the cosine rule to triangle OAB. 

𝐴𝐵ଶ = 𝑂𝐴ଶ + 𝑂𝐵ଶ − 2 × 𝑂𝐴 × 𝑂𝐵 cos(𝛼 − 𝛽) 

but 𝑂𝐴 = 𝑂𝐵 = 1 so this simplifies as: 𝐴𝐵ଶ = 1ଶ + 1ଶ − 2 × 1 × 1 cos(𝛼 − 𝛽) 

Therefore   𝐴𝐵ଶ = 2 − 2 cos(𝛼 − 𝛽)   Equation (2) 

Equalling Equations (1) and (2), we obtain: 

2 − 2 (cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽) = 2 − 2 cos(𝛼 − 𝛽) 

which simplifies as: 

𝐜𝐨𝐬(𝜶 − 𝜷) = 𝐜𝐨𝐬 𝜶 𝐜𝐨𝐬 𝜷 + 𝐬𝐢𝐧 𝜶 𝐬𝐢𝐧 𝜷 
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𝒄𝒐𝒔( 𝜶 + 𝜷) = 𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝜷 − 𝒔𝒊𝒏 𝜶 𝒔𝒊𝒏 𝜷 

Proof: 

𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠( 𝛼 − (−𝛽)) 

𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠( − 𝛽) + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛( − 𝛽)  using the formula from above 

But 𝑐𝑜𝑠( − 𝛽) = 𝑐𝑜𝑠 𝛽  and  𝑠𝑖𝑛( − 𝛽) = − sin 𝛽 

Therefore  𝑐𝑜𝑠( 𝛼 + 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 − 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 

Particularly, when 𝛼 = 𝛽, we obtain:  𝑐𝑜𝑠(2𝛼) = 𝑐𝑜𝑠ଶ 𝛼 − 𝑠𝑖𝑛ଶ 𝛼 

which as sinଶ 𝛼 + cosଶ 𝛼 = 1     can also be written as: 

𝑐𝑜𝑠(2𝛼) = 2 𝑐𝑜𝑠ଶ 𝛼 − 1  or 

𝑐𝑜𝑠(2𝛼) = 1 − 2 𝑠𝑖𝑛ଶ 𝛼 

𝒔𝒊𝒏( 𝜶 + 𝜷) = 𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 + 𝒄𝒐𝒔 𝜶 𝒔𝒊𝒏 𝜷 

Proof: 

𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑐𝑜𝑠[90 − (𝛼 + 𝛽)] 

𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑐𝑜𝑠[90 − 𝛼 − 𝛽] 

𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑐𝑜𝑠[(90 − 𝛼) − 𝛽] 

Now, as demonstrated above, 𝑐𝑜𝑠(𝛼 − 𝛽) = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽 therefore: 

𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑐𝑜𝑠(90 − 𝛼) 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛(90 − 𝛼) 𝑠𝑖𝑛 𝛽 

But 𝑐𝑜𝑠(90 − 𝛼) = 𝑠𝑖𝑛 𝛼  and  𝑠𝑖𝑛(90 − 𝛼) = 𝑐𝑜𝑠 𝛼 

therefore:  𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 

Particularly, when 𝛼 = 𝛽, we obtain:  𝑠𝑖𝑛(2𝛼) = 2 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛼 

𝒔𝒊𝒏( 𝜶 − 𝜷) = 𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 − 𝒄𝒐𝒔 𝜶 𝒔𝒊𝒏 𝜷 

Proof: 

𝑠𝑖𝑛( 𝛼 − 𝛽) = sin[𝛼 + (−𝛽)] 

Now, as demonstrated above, 𝑠𝑖𝑛( 𝛼 + 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 therefore: 

𝑠𝑖𝑛( 𝛼 − 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠(−𝛽) + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛(−𝛽) 

But 𝑐𝑜𝑠( − 𝛽) = 𝑐𝑜𝑠 𝛽  and  𝑠𝑖𝑛( − 𝛽) = − sin 𝛽 

therefore:  𝑠𝑖𝑛( 𝛼 − 𝛽) = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 
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𝒕𝒂𝒏( 𝜶 + 𝜷) =
𝒕𝒂𝒏 𝜶 + 𝒕𝒂𝒏 𝜷

𝟏 − 𝒕𝒂𝒏 𝜶 𝒕𝒂𝒏 𝜷
 

By definition:  𝑡𝑎𝑛( 𝛼 + 𝛽) =
௦௜௡(ఈାఉ)

௖௢௦(ఈାఉ)
 

Substituting with the formulas from above, we obtain: 

𝑡𝑎𝑛( 𝛼 + 𝛽) =
𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽

𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 − 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽
 

We divide both numerator and denominator by (𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽) 

𝑡𝑎𝑛( 𝛼 + 𝛽) =

𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽

1 −
𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽

 

𝑡𝑎𝑛( 𝛼 + 𝛽) =

𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽

+
𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽

1 −
𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽
𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽

 

𝑡𝑎𝑛( 𝛼 + 𝛽) =

𝑠𝑖𝑛 𝛼
𝑐𝑜𝑠 𝛼

+
𝑠𝑖𝑛 𝛽
𝑐𝑜𝑠 𝛽

1 −
𝑠𝑖𝑛 𝛼
𝑐𝑜𝑠 𝛼

𝑠𝑖𝑛 𝛽
𝑐𝑜𝑠 𝛽

 

Therefore: 𝑡𝑎𝑛( 𝛼 + 𝛽) =
௧௔௡ ఈା௧௔௡ ఉ

ଵି௧௔௡ ఈ ௧௔௡ ఉ
 

 

Particularly, when 𝛼 = 𝛽, we obtain:  𝑡𝑎𝑛(2𝛼) =
ଶ ௧௔௡ ఈ

ଵି௧௔௡మ ఈ
 

𝒕𝒂𝒏( 𝜶 − 𝜷) =
𝒕𝒂𝒏 𝜶 − 𝒕𝒂𝒏 𝜷

𝟏 + 𝒕𝒂𝒏 𝜶 𝒕𝒂𝒏 𝜷
 

𝑡𝑎𝑛( 𝛼 − 𝛽) = 𝑡𝑎𝑛[𝛼 + (−𝛽)] 

We use the formula from above 

𝑡𝑎𝑛( 𝛼 − 𝛽) =
𝑡𝑎𝑛 𝛼 + 𝑡𝑎𝑛(−𝛽)

1 − 𝑡𝑎𝑛 𝛼  𝑡𝑎𝑛(−𝛽)
 

But:  𝑡𝑎𝑛(−𝛽) = −𝑡𝑎𝑛𝛽 

therefore: 𝑡𝑎𝑛( 𝛼 − 𝛽) =
௧௔௡ ఈି௧௔௡ ఉ

ଵା௧௔௡ ఈ ௧௔௡ ఉ
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