FURTHER SOLUTION OF TRIGONOMETRIC EQUATIONS

1. Equations of the form a = tan @ ("a"beinga constant)
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The obvious solutionis 8 = tan™" a

But there are other solutions as tangentis periodic of period ©

The general solution is 0 = (tan‘l a) +nm where n is an integer

2. Equations of the form a = c0s @ ("a"beinga constant)

0 = cos~!

= —cos~

a

The obvious solutions are { 1
a

But there are other solutions as cosineis periodic of period 21

0 = (cos™ta)+nx2m

Therefore all solutions are {9 — (—cos~la) +nx 21

where n is an integer

{ 0 =cos la+2nnm
o

or simply written = cosla+ 2nm

which summarises as 0 = i(COS_1 Cl) + 2NIT  where n is an integer
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FURTHER SOLUTION OF TRIGONOMETRIC EQUATIONS

3. Equations of the form a = sin 0 ("a"beinga constant)
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The obvious solutions are { 0= sm. _Oi
=m—sin""a

But there are other solutions as sineis periodic of period 27

Therefore all solutions are

or simply written

or

which can also be written as

Now noting that

the equations transform as {

or

which summarises as

1=(-1)%*

0 = (sin"la) + k x2r

0 = (m—sin~a) + k x 21 where k is an integer

0 =sin"la+ 2kn
@ =n—sin"ta+2kn

6 =sin"ta+ 2kn
0 =—sin"ta+ 2k + )m

0 =1xsin"ta+ 2k
0= (-1)xsin"ta+Qk+Dn
and that (—1) = (—1)2k+1

0 = (-1)%** xsin"la+ 2kn
0 =(-1)%**"1 xsin"ta+ 2k + r

0 =(—1D"xsin"ta+nw with n"aneven integer
0 =(—1"xsin"ta+nr with "n"anodd integer

0 = (_1)11 X (sin_l a) + NIT where n isaninteger
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FURTHER SOLUTION OF TRIGONOMETRIC EQUATIONS
Example 9

(a) Solve, for 0 <x<2m, \/Esin(%— %) =il (b) Solve, for-37<x<3m, tan(% + %) =1

(c) Solve, for—27< x<2m, 2c052(% - %) =.3.

Solution
Sy AT
(a) \/fsm(z 3)-1
ivi : x_m)_ 1
DlVldebY\/E. sm(2 3) ﬁ
<x< <X<n: X_m_7m 3n
0<x<2m so 0_2_7t. 273" 44
X_m . m3n &
2434 73
7 13
127 12
. .. _r
The only valid solution is: x = T
X, T\_
(b) tan(3+6)-l
X XNy 3n &
-3r<x< —-t<=< LI )
3T<x <31 so zt_3_7r. 3+6 44
x_3n_rmrm_nm
3 4 6’4 6
x__lr &
3 2’12
_lr =
4 4
2¢cos2| X -% )=
(c) 2cos e 3
xOx)
2cos 273 —\/3
x_x\_¥3
<:os2 3 >
— —g<Xc x_ n__nrw
2R<Xx <27 SO ll’_z_ﬂ.' 273 6’6
xX_nr
2 6’2
-
X=3.7
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FURTHER SOLUTION OF TRIGONOMETRIC EQUATIONS

Another transformation that can be used to solve equations is to square both sides of the equation. This may
introduce solutions that are not valid for the original equation, so all answers need to be checked by substituting
them into the original equation.

Example 10
Solve sinx+ 2cosx=1for0 < x<2m.
Solution
sinx + 2cosx =1
Rearrange the equation: 2cosx=1-sinx (1]
Square both sides of [1]: 4cos’x=1-2sinx+sin’x
Use the Pythagorean identity: 4(1 —sin’x) = 1 — 2sinx + sin’x

5sin’x —2sinx—3 =0
Factorise: (5sinx+ 3)(sinx—1)=0

sinx = —%, 1 (2]

x =+ 0.6435, 27— 0.6435, %
x=3.784, 5.640, %
To check if all these values are valid, you can substitute them into the original equation.
Alternatively, without a calculator it is easier to substitute the solutions for sin(x), as follows.
Substitute [2] (first value) into [1] to check: 2cosx=1-— (—%)
cosx =
As this is positive, x must be in Q1 or Q4.
Hence the only valid answer is x = 5.640
yubstitute [2] (second value) into [1] to check: 2cosx=1-(-1)
cosx=0
The only valid answer is x= %
The remaining answer x = 3.785 is not valid as cos (3.785) =—0.8
Hence x = %, 5.640 are the only valid solutions.
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