PARTIAL FRACTIONS, LINEAR FACTORS

You will now develop the technique of partial fractions. This will be applied for use in integrating certain rational
functions. In this section you may benefit from working through the numerical examples before looking at
the theory.

Identity of polynomial expressions

If two polynomials of the n-th degree are equal for more than n values of the variable
then they are identically equal, i.e. equal for all values of the variable.

You use this result to find the numerator of partial fractions.

Example 1

5x+1 : : :
Express (x-lx)w in partial fractions.
Solution
Method 1
Let S5x+1 a

(x-l)(x+2)=x—l+x+2’x¢l’-2' K
o : . 5x+1  _a(x+2)+b(x-1)
Write with common denominator: GoDGx+D) - (=Dx+2) *** 1,=2

Write the numerators: Sx+1=a(x+2)+b(x-1)

Now use the identity property of polynomials and substitute two values for x. As we are now dealing only
with the numerators, we can use x =1 and x =-2 as the two values for x.

Letx=1: 6=3a+0 Letx==2: =9==3b
= b=3
Sx+1 __ 2 3
(x=-1D(x+2) x-1 x+2

Hence:

Method 2

Write the numerators: Sx+1=alx+2)+b(x-1)
Expand and simplify RHS:  5x+1=(a+b)x+2a-b

Equate coefficients: 5=a+b (1]
1=2a-b (2]
[1]+[2): 6=3a . a=2
Substituteinto [1): 5=2+b 0=
5x+1 2 3

B T x+3) -1 z+32
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Rational functions
A rational function f(x) is the ratio of two polynomials, f(x)= ’;g)) , defined for all values of x except those for
which B(x) =0.
If the polynomial degree of A(x) = degree of B(x), then you can divide B(x) into A(x):
A(x) = B(x) X Q(x) + R(x) where degree of R(x) < degree of B(x)
which leads to:
f(x)= Q)+ )

2

Consider f(x)z%. By division you find f(x)=1+ zx l,sothat Q(x)=1,R(x)=xand B(x)=x"-1.
x - x =

This means that (¥ +x=1)=(x*=1) X1 +x.

Asxz-1=(x-l)(x+1).youhaveB(x)=(x-l)(x+l).

The problem of partial fraction decomposition arises when B(x) is a product of polynomials of lower degree, i.e.
B(x) = B,(x) X B,(x) with degree B,(x) > 0, degree B,(x) > 0.

. . R(x) m(x) m,(x)
You wish to find polynomials m (x), m,(x) such that: B(x) - B,(x) + B,

Now m (x) and m,(x) can be found if: R(x) = m (x) X B,(x) + m,(x) X B,(x)
Comparison of degrees shows that you can suppose degree m (x) < degree B (x), degree m,(x) < degree B,(x).

m (x) m,(x)

X ) you can write m, (x) = a and m,(x) = b. These must be

.. R(x) _
Considering By = =D +D ~ =1 ' (x+1
constants: the degree of the denominator is one, so the degree of the numerator must be zero.

R(x) _ x __a b
Hence B~ G=DGE+) - =1 T G+1) and you now need to find the values of a and b.

You have: x=alx+1)+bx-1)
ie. x=(a+b)x+a->b
Equate coefficients: (a+b)=1 and a-b=0,..a=b
2a=1,a=05 and b=0.5

R(x) _ x 05 0.5

Hence: gry =G0+ - =1 " x+])

) _ X o prn_+. 05 . 05
'Ihusyoucanwnlef(x)—l+x2_l as.f(x)_H-m-p.m
Linear factors

Consider the general case, where B(x) is a product of distinct linear factors:
B(x)=k(x=-a)(x=-a,)...(x-a,)

You want to discover if constants ¢, ¢, ... ¢_ exist so that: Rx) __§ - & +.+ n
g n B(x) x-a  x-a, x—a,
Linear factors—Method 1 (equating coefficients)
Consider the monic case when n =2, so that k =1 and B(x) is a quadratic.
in sl 1 R(x) _ dx +e __& 6
R(x)=dx+e and B(x)=(x—a,)(x—-a,): B(x) ~ (=a,)(x—a;) — x—a - x—a,
Write with common denominator: dx +e - O =~
(x=a,)(x=-a,) (x=a)x=-a,)

Write the numerators: dx+e= ¢ (x=a,)+c(x—a)
Using identity property of polynomials, equate coefficients:  d=c¢,+¢,
e=—(a, +apc,)
As a, # a,, these two equations can be solved for ¢, and c,.
In the general case, a, a,, ... a_ are distinct, so the coefficient equations can be solved for ¢, c,, ... .
This is best demonstrated with a numerical example.
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Example 2

x+1
Reduce T=2x=3)

Solution

x+1 — Cl + cz
(x-2)(x-3) x-=-2 x-3

Write with common denominator:

Let

Write the numerators:
Using identity property, equate coefficients:

2x([1]:
(2] - [3]:
Substitute into [1]:

x+1 __4 __3
(x=2)(x=-3) x=3 x-=2

Hence:

Linear factors—Method 2 (substitution)

to its partial fractions using linear factors method 1 (equating coefficients).

x+1  _qlx=3)+5(x=2)
(x=-2)(x-3) (x=2)(x-3)
x+1=(c +c)x= (3¢, +2)
¢ +c,=1 (1]
3¢, + 2¢,=~-1 (2]
2¢,+2¢,=2 (3]
c,==3
c,=4

Again consider the monic case when n =2, so that k = 1 and B(x) is a quadratic.

R(x)=dx+e and B(x)=(x- a)(x—-a,):

Write with common denominator:

Write the numerators:
Letx=a,:

Solve for ¢;:
Letx=a,

Solve for ¢,;:

R(x) _ dx+e __5 6
B(x) (x-a)(x=-a,) x-a x-a,
dx+e _cl(x-a2)+cz(x-al)
(x-a)(x-a,) " (x-a)(x-a,)
dx+e=c](x-az)+cz(x-al)

da, +e=c,(a,—a,)

da +e
1" a,-a,
da2 +e=cfa,—-a,)
. da, +e
2 -
al al

You should always check your answer by writing the partial fractions over a common denominator again.

Example 3
2x+1 - - - - S
Reduce =+ to partial fractions using linear factors method 2 (substitution).
Solution
2x+1 - Cl cz
Let(Jr-2)(x+3)_.1r-2+x-0-3 ( oy )
: - - ) 2x+1 _g(x+3)+c(x=-2
Write with common denominator: G-I - G =2x+3)
Write the numerators: 2+ 1=c (x+3)+c,(x-2)
Letx=2:  5=5¢ +0
cl
Letx=-3: -5=0- 5¢,
,=
2x+1 1 1

Hence: (x—2)(x+3)=x—2+x+3
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Linear factors—Method 3 (limits)

Multiply through the expression I;g; and note that B(a,) = 0. Hence B(x) = B(x) — B(a,).
Thus R(x) _ ¢ c, c R(x)(x-a,) _ ¢, (x-a) ¢ (x-a)

+...+ —"— becomes:
x-a

B(x)  x-a, x-a, B(x)—B(al)_c'+ x-a, " x-a,

N X=a, S 1 Xaz . o ¥ 3
Let x — a, and recall that lim B(x) = B(a) = B’(al) (from the definition of differentiation from first principles).

x —'ﬂl

You have: RHS — ¢
... ']
B'(a)
Repeating this process for each of the other linear factors allows the other ¢, to be found.
Remember that B(x) =k(x —a,)(x = a,)...(x—a,), i.e. each factor is monic.

LHS

Example 4
Reduce (szx)ﬁ to its partial fractions using linear factors method 3 (limits).
Solution

(x+2)(x—3)—x-:2+x—3
R(x)=3x-4 B(x)=x"-x-6 B(x)=2x-1

R(-2) _ -10 _R3)_ 5
“EF@ - -1 2 9TBE) 6-1 !
X =4 2 1

Hence: (x+2)(x—3)=x+2+x—3

You should try using each of these methods to find partial fractions. You may find that you end up preferring
one of the methods, but it is best to be able to use whichever is the most efficient method for a question.

Example 5

3x . " -
Reduce GG to its partial fractions.
Solution
Let 3x a b

(2::—1)(x+l)= 2x—l+x+l

Write with common denominator: 3x = alx+1) +b(2x 1)

2x=-D(x+1)~ @2x=D(x+1)
Write the numerators: 3x=alx+1)+b(2x-1)

L
Toﬁnda.letx—z. 2—a><2+0

a=1
Tofind b, letx==1: =3=0+bx(=3)
=l
3x __1 +l
2x-1)(x+1) 2x-1 x+1

Hence:
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Example 6
54 : . .
Express us artial fractions.
P T rx-20)(x—1)  TEP
Solution
Factorise the
quadratic expression: L+x=-20= (x+5)(x-4)
54 __5 . c, " s
(x+5)(x=-4)(x-1) x+5 x-4 x-1
Write with 54 _ G(x=4)x=D+c,(x +5)(x=1)+¢,(x+5)(x-4)
common denominator: (x+5)(x=-4)(x-1)" (x+5)(x-4)(x-1)
Write the numerators: S4=c (x=4)(x=1) +c(x+5)(x=1) + ¢,(x +5)(x - 4)
Letx=-5: 54=54c, ..¢=1
Letx=4: 54=27c, S 6=2
Letx=1: 54=-18¢, ..¢=-3
54 1 2 3
Hence: - e -
(x* +x=20)(x=1) x+5 x-4 x-1
Example 7

2
Reduce ——=—— to its partial fractions.
X +3x+2

Solution
As degree of numerator = degree of denominator, first divide by the denominator.
As a quicker way of doing the division, consider rewriting:
X _(P43x+42)-(x+2) _,__ 3x+2
X 4+3x+2 X 43x+2 X +3x+2

3x+2 _ & c,
We now need to find ¢, and ¢, for Ftixed Tt e,

R(x)=3x+2 B(x)=x"+3x+2 B(x)=2x+3

1. - _R(=1) _=3+2__ ey . _R(=2) _-6+2 _
SR (VT Y= GE) T e
3x+2 =1 4 2 1 4
Hence: S ox42 *+1 %42 “Fraxea T+l 142
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