USES OF INTEGRATION

Example 38
Calculate the area of the region bounded by the curve y=— P the x-axis and the ordinates x=2 and x=3.
X +x
Solution
3
1
Area = dx
e Iz P +x .
: A __ 1 _a
Use partial fractions: = e s i

By inspection you can see thata=1and b=-1.
Or:1=a(x+1)+bx
x==lil==b=b=-1

x=0:1=a
Hence
B S
Am-‘[z(; x+1 o
=[log,x-log,(x+l)]; since x >0
x 3
~[1oe 7],

3 2
=log,;-log,3
=log,% units®

Example 39

The region enclosed within the circle x* + y* = a’ is rotated about the line x = 2a to form a solid of revolution
called a torus. (A torus is a ring-shaped object like a doughnut.)

y
-

-‘v a u x
—

The volume of this torus is given by V = 81!’(1'[‘I Vo =P dx-an (" xa —xdx,
(@) Evaluate s:mj' N

(b) Evaluate J‘_‘ xa® = x* dx.

(c) Hence find the volume of the torus.
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Solution
(@) The integral r Jaz - x? dx is the area of a semicircle of radius a.

Hence 81raj \/a - x?dx =8max ZL —47:

2

(b) .xJaz—xzdx=-% * (-2x)0a? - x2dx

-]

=0
() V=4r%a’-4xx0=4xa® units’

In part (a), if you did not recognise that the integral represented the area of a semicircle you would use the
substitution x = asin 6 to evaluate the integral. This would involve much more work, as shown below.

x=asin@, dx = acos#. x=—a,8=—%. =g %.

x
j Jad=xtdx= j:\/az —a*sin’@ xacos@d@
- c

x
=3 szacosexacoseda

7

x
=a"j2 cos*0dO

oo,
£fgeo-t-)

ra®
2

a 2
Hence SnaI s/a’ -x?dx=8max ”% =4n’a’
-a

(14 cos20)dé

|8,
|. A

~

I
) |°

The solution of differential equations is all about integrating the given function and substituting the initial
conditions to find a particular solution. You now have new integration skills, so this extends the types of differential
equations that you can solve.

Example 40

Find the particular solution of :x—y = x? cos x, given that y =0 when x=0.

Solution
%=x2cosx: y=‘[xzcosxdx

Use integration by parts: y = x*sinx - IZx sin x dx

Use integration by parts: y = x* sinx+2xcosx—."2cosxdx

=x’sinx +2xcosx-2sinx+C
x=00=0C

Hence the particular solution is y = x* sin x + 2xcos x - 2sin x.
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