INTEGRATION BY PARTS

The product rule for differentiation is associated with the technique known as integration by parts, which comes
from rearranging the product rule. This rule is useful for solving integrals that cannot be found in easier ways.

If u(x) and v(x) are differentiable functions of x, then the product rule tells you that:

Z“;(uv):v%+ u% or %(uv): v’ +uv’

Rewriting this: u% = ad;(uv)— v%‘ uv' = ad;(uv) —-vu’
o=l Joricem o
Iudxdx—uv vdxdx wuv'dx =uv - | vu'dx

Iudv = uv-Ivdu

The integrand on the left-hand side is seen to be a product of two expressions involving x: one of these is denoted by
u and the other by % (or just dv). The choice of which expressions to label as u and dv is made so that the integral

on the right-hand side can be easily found by normal techniques, such as change of variable (substitution). The
arbitrary constant C is inserted into the solution at the appropriate point.

As a general rule, dv should be a function that is easy to integrate and u should be the other function. If they
are both easy to integrate, then you should make u the function that will be of a lesser degree (i.e. simpler) after
differentiation. This is illustrated in the following examples.

Note that for complex integrals the rule sometimes needs to be applied more than once. You may also need to
rearrange terms to solve the desired integral.

Example 23
Find: jxcosxdx
Solution
Letu=x, % = cosx as this gives Zx—“ =1, which is easy to work with in the resulting integral.
Thus: %= , v=sinx

Integration by parts: Iu%dx =uv- Iv%dx

Hence: jxcosxdx=xsinx-jsinxdx

=xsinx+cosx+C

The constant of integration is added after the last integration is performed.

Alternatively: Another choice of variable could have been u = cosx, % =

2
Thus: % =-sinx, v= %—
2 2
Hence: Ixcosxdx =x7cosx-jx7(-sinx)dx
This integral is now more complicated than the original integral.

The method of integration by parts should be used mostly as a last resort, when other known techniques fail.
It can be used very effectively to integrate products of different kinds of expressions, for example:

« algebraic and trigonometric functions such as xcosx
» algebraic and logarithmic functions such as xlog x
« inverse trigonometric functions and logarithmic functions.

Sometimes integration by parts may need to be applied more than once. When there is an integer power of x in

the integrand, as in part (c) of the example above, then each time it is differentiated the power will be reduced by
one until eventually the function becomes a constant. You let u equal this power of x and apply integration by parts
successively.
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INTEGRATION BY PARTS

Example 24
Find: J‘cos'I xdx

Solution

Rewrite as: jl X cos™ xdx
Letu=cos”'x, 9%=1. This gives du_ 1 x| <1,and v=x.
dx dx Zl—xz
I . ) I dv , _ du
ntegration by parts: ua;dx =uy - vz;dx
Hence: J‘cos'l xdx =xcos™ x+ J‘Adx

\h-x2

1
=xcos x=(1=x*)? +Cfor <1

Example 25
Find (a) jlog,xdx (b) Jxe‘dx © jx’e"dx
Solution

(@) Letu=log x, % = 1. This gives % = %, =

Integration by parts: Iu:x—vdx =uy= IVﬂx—"dx
Hence: Ilog‘xdx=xlog‘x-jxx%dx
=xlog‘x-x+C. x>0
=xlog p{-x+C
(b) Letu=x, % =e”. This gives %= 1, v=¢.
Hence: jxe‘ dx = xe* - je‘ dx
=xe*-e"+C
=(x=1)e*+C
(c) Let u=x", —%= e”. This gives %= 2x, v=¢.
Hence: Ixze" dx = x’e* - ZI xe* dx
You now need to find Ixe" dx by applying integration by parts again, as in part (b):
dv

du

Letu=x, E=e.'[hisgivesdx=l, v=e".

Hence: Jxe'dx=xe'-je"dx
=xe*—e* +C
=(x=1)e*+C

Thus: J‘xze" dx = x’¢* =2(x-1)e* +C
=(x*=2x+2)e" +C
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Example 26

Find: I= Je’ sinxdx

Solution

Letu=¢", % = sin x. This gives % =e", v=-cosx.
ad= Ie’ sinxdx =—e" cosx + je‘ cos x dx

Now you need to find Ie‘ cosxdx.

x d e i x .
Letu=¢, d—;’-=cosx.'ﬂusgweszu=e, v=sinx.

Je’ cosxdx =e" sinx — Ie‘ sin x dx
Thus: I=—=e"cosx+e*sinx -1
2] =e*sinx —e* cosx
x
= Ie" sinxdx = %(sinx-cosx)-o-c

The arbitrary constant C did not need to be included until the last line.

Example 27
1 x
Evaluate: (a) I=J:sin"xdx () 1=j° x?sinxdx

Solution

(@) Letu=sin"'x, %=1.Thisgives%=ﬁ. V=2X.

1

x 1
: _f2_. 1 . A s X
Hence: = Io sin” xdx —[xsm X]o . mdx
1

=l _o-loqg-x[
=3sin" |3 0 [(l x)I

(b) Letu=x’ %=sinx. This gives %= 2X, V=—COSX.
) B x _[_.2 x
Hence: I—Io x smxdx-[ o cosxr+zjo xcosxdx

2 x
= +2j xcosxdx
0

=g S e ey S
Now let u=x, dx-cosx.'[hnsngesdx—l. v=sinx.
x x
Hence: J xcosxdx=[xsinx]:—j sin x dx
0 0
=0+[cosx]:,r
==2

4
I=j xPsinxdx=n"-4
1]
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Example 28
Evaluate: (@) I= J‘lleog‘ xdx (b) I= J: tan™" xdx
Solution

»

2
v—x_
2.

|-

(@ Letu=log.x, %=x. This gives %:
=1 _|x 1(2.2,1
I-J-l xlogtxdx—[Tlo&x]:-.iJ'l x* x gdx
2
=2log, 2-0-1 [ "xdx
1

1| x? §
= Zlog‘ Z—E[T]l

1

=210g‘2—1+z
=Zlog‘2—-i-

(b) Letu=tanx, %=I.Thisgives%=l+lxz. v=x
c 1= [ ean? _ -1 '_I' x
..I—Iomn xdx—[xtan x:L ol+x2dx

__oo_1 2
= 0 2[log((l+x )I

I. Guidelines for Selecting u and dv:
(There are always exceptions, but these are generally helpful.)

“L-I-A-T-E” Choose ‘u’ to be the function that comes first in this list:
L: Logrithmic Function

I: Inverse Trig Function

A: Algebraic Function

T: Trig Function

E: Exponential Function

Example A: Ix" Inx dx

*Since Inx is a logarithmic function and x'is an algebraic
function, let:

u = Inx (L comes before A in LIATE)
dv= x"dx

du = l dx
X
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