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𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 = 0  
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we complete the square for the left-hand 
side (LHS) of the equation. 
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We use the notation:Δ = 𝑏ଶ − 4𝑎𝑐 Δ  is called “the discriminant”. 
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=
Δ

4𝑎ଶ
 Equation (1) 

 

We note that the LHS of the equation is always positive, as it is a square, therefore there are 3 

possibilities, depending of the sign of the discriminant Δ: 

1) if 𝚫 < 𝟎: there is a positive quantity on the LHS, whereas the quantity of the RHS – which 

is 
୼

ସ௔మ – is negative. a positive quantity cannot be equal to a negative quantity, therefore 

there are no 𝑥 for which  𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 = 0; in that case, the equation 𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 = 0 has 

no solutions. 

2) if 𝚫 = 𝟎: in that case, Equation (1) is  ቀ𝑥 +
௕

ଶ௔
ቁ

ଶ
= 0; this is only possible when 𝑥 = −

௕

ଶ௔
.  

3) if 𝚫 > 𝟎: in that case, Equation (1) is  ቀ𝑥 +
௕

ଶ௔
ቁ

ଶ
=

୼

ସ௔మ. There are two possible solutions, 

𝑥 +
௕

ଶ௔
= ±ට

୼

ସ௔మ  which is equivalent to  𝑥 +
௕

ଶ௔
= ±

√∆

ଶ௔
  or  𝑥 = −

௕

ଶ௔
±

√∆
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  or: 

𝑥 =
ି௕±√∆

ଶ௔
   (with Δ = 𝑏ଶ − 4𝑎𝑐) 

This last formula is called “the quadratic formula”. 
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Δ = 𝑏ଶ − 4𝑎𝑐 = 8ଶ − 4 × 1 × 12 = 16 Δ = 𝑏ଶ − 4𝑎𝑐 = (−3)ଶ − 4 × 1 × (−2)
= 9 + 8 = 17 

Δ  is positive, therefore the equation has two 
solutions which are: 

Δ  is positive, therefore the equation has two 
solutions which are: 

𝑥 =
−𝑏 ± √∆

2𝑎
=

−8 ± √16

2 × 1
=

−8 ± 4

2
 𝑥 =

−𝑏 ± √∆

2𝑎
=

3 ± √17

2 × 1
=

3 ± √17

2
 

These solutions are: These solutions are: 

𝑥ଵ =
−8 + 4

2
=

−4

2
= −2 𝑥ଵ =

3 + √17

2
 

𝑥ଶ =
−8 − 4

2
=

−12

2
= −6 𝑥ଶ =

3 − √17

2
 

The quadratic expression can be factorised as: The quadratic expression can be factorised as: 

𝑥ଶ + 8𝑥 + 12 = ൫𝑥 − (−2)൯൫𝑥 − (−6)൯ 
𝑥ଶ − 3𝑥 − 2 = ቆ𝑥 −

3 + √17

2
ቇ ቆ𝑥 −

3 − √17

2
ቇ 

which simplifies as:  

𝑥ଶ + 8𝑥 + 12 = (𝑥 + 2)(𝑥 + 6)  

 

 

(c) 2𝑥ଶ − 4𝑥 − 7 = 0 (d) 𝑥ଶ − 4𝑥 + 4 = 0 

Δ = 𝑏ଶ − 4𝑎𝑐 = 4ଶ − 4 × 2 × 7 = −40 Δ = 𝑏ଶ − 4𝑎𝑐 = (−4)ଶ − 4 × 1 × 4 = 16 − 16
= 0 

Δ  is negative, therefore the equation has NO 
solutions. 

Δ = 0  , therefore the equation has one 
solution which is: 

 
𝑥 =

−𝑏

2𝑎
=

4

2 × 1
= 2 

 In fact, we say this solution is “double” as in 
that case, the quadratic expression can be 
factorised as: 

 𝑥ଶ − 4𝑥 + 4 = (𝑥 − 2)(𝑥 − 2) 

 which simplifies as: 

 𝑥ଶ − 4𝑥 + 4 = (𝑥 − 2)ଶ 

 


