PROJECTILE MOTION

Projectile motion is an example of two-dimensional motion in the vertical plane under gravity. In this course, the
effect of air resistance is ignored, so projectile motion is a vector combination of horizontal constant motion with

vertical motion under gravity.

The assumptions made in this model are:

« the projectile is a point

« the force due to air resistance is negligible

« the only force acting on the projectile is a constant force due to gravity, assuming that the projectile is

moving close to the Earth’s surface.

« the acceleration due to gravity is given by the constant g = 9.8 ms™, unless given otherwise.
In this vector approach the acceleration vector will be written as a(t) = a,i + a, j, the velocity vector as
v(t)=v,i+v,j, and the position vector as r(t) = xi + yj. As the only vertical acceleration is due to gravity and there
is no horizontal acceleration, the acceleration vector becomes a(t) = =g j.
Projectile motion—a typical problem
In projectile motion, a typical problem to be considered might look like the following example:
‘A particle is projected in the vertical plane from a point on horizontal ground with an initial velocity v(0)ms™ at an
angle ¢ to the horizontal’
In this situation, ¢ is called the angle of projection. The only force acting on the projectile is due to gravity and it
acts only in the vertical plane.
It is standard to take the directions to the right and upwards as the positive directions of motion. This means that
the acceleralizon due to gravity is negative in this case, as it is acting in the opposite direction to the motion, and so
g=-98ms™".
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A particle is projected from the point O with an initial velocity v(0) at an angle & to the horizontal as shown. The
position vector of the particle is r(t) = xi + yj. The only force acting on the particle is the gravitational acceleration g
acting vertically downwards. When t =0, g(t.) = -gl'. while v(0) = |y(0)|cosai +| g(0)|sinal' and r(0)=0.

You can use integration and the initial conditions to derive the equations for v(¢) and r(t).

-- -wd
|!(0)| cosa

To find velocity, integrate a(t): To find position, integrate v(t):

v(e)= [a(t)de w0 = [unyr
- I-g!d[ =J'(|g(0)|cosag+(|g(0)|sina—gr)!)d:
=-gtj+c =(|u(0)| cosext)i +(|w(0)] sinaxt - L gt*) j+d

v0)=-gx (0)1‘ e From initial conditions: r(0)=0
=ik ~d=0
From initial conditions:. o nrl(t)= (|y(0)|cosal)i+(|y(0)|sinat—i—gt‘)j
v(0) =|g(0)|cos ai+ |g(0)| sinatj :
S =|g(0)|cos ai+|y(0)|sinal'
soy(t)= -gtj +|y(0)|cos sai + |g(0)|sina!
= [g(O)lcos ai + (ly(O)l sina - gt)l

In component form, r(t) = xi + yjsox = |g(0)|cos atand y= |g(0)| sin ot —%gx’.
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PROJECTILE MOTION

Example 9
A particle is projected from a horizontal plane at an angle of 30° with speed of 100 ms™. The acceleration due to
gravity is 9.8 m s,

(@) Write y(0) in component form.

(b) Find v(t) and r(t) in component form.

(c) Find the velocity and position after 4 seconds.

Solution
(@ |v(0)] =100, =30 ¥(0) =100cos30°i +100sin 30°j
=503i +50
(b) Find a(t): a(t) =-9.8) (€) t=4: v(t)=5043i+(50-9.381);
Integrate a(t) with respect to t: v(4) = 50J§1'+(50-9.8x4)1’
v(t)= Ig(l)dt =50V/3i+1038]
=j-9.8jdr r(t)=5031i +(50t -4.9¢* ) j
=—98tj+¢ r(4)=504/3x4i +(50x 4~ 4.9%16)
g(0)=so\/5-g+sol': 5043i +50j =¢ =200\/3i+121.6j

¥(t)=501/3i +(50-9.81)j
Integrate v(t) with respect to t:
)= [ vy
= j(soJig+(5o-9.s:)j)d:
=50V/3ti+(50t - 49¢%) j+d
r(0)=0:d=0
r(t)=50\3ti + (50t - 49¢%) j

Equation of the path of a projectile

Previously, it was found that r(t) = (| g(0)|cosar) i+ (|g(0)|sin ot - % g tz) j» which in terms of its components gives
x= |y(0)|cosar and y =|y(0)|sinar __;_g‘z_

These expressions for x and y give the parametric equation of the path (or trajectory) of the projectile in terms of £.

Combining these equations to eliminate f gives the Cartesian equation of the path of the projectile.

= i - X
= |t_'(0)|cosat givest = |!(0)|cosa

R s 3 - . 1.4 - s % =1 : -
Substitute this into y =|v(0)|sin et S8ty |!(0)Ismax|y(0)|cosa 2g[|y(0)|cosaI

—xtma-Ex— X
y=xtana 2 X |Y(0)|2 COSZ a
N ;.

2|x_'(0)|2 cos’ &
This trajectory is a concave down parabola and the properties of the parabola may be used to answer questions
about this path.

The equation of the trajectory is y = xtana
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PROJECTILE MOTION

Greatest height of the projectile
A particle reaches its greatest height when it stops rising, which is when vertical component of v(t) is zero.
- |v(0)|sinex
i
To find this greatest height, you can substitute this value of t into the vertical component of r(t).

Hence the greatest height occurs where |v(0)|sina - gt = 0:

Vertical component: y = |t_'(0)| sinot — % gt

Greatest height: y = |g(0)|sina>< M = Lg[|1'(0)|sma ]"
g - g
_|wo)f s’ 1 |w(0)f sin’
- 7 -5 5
_ |\_*(0)|2 sin” &
2g
Alternatively, this result could have been found using the Cartesian equation of the trajectory.

A parabola is symmetric about its turning point, so the greatest value of a concave down parabola occurs at its
turning point. The abscissa (horizontal coordinate) of the turning point is the average of the abscissae of the points of
intersection with the x-axis. : i

N . S | J—
2|g(0)|2 cos’a 2|1_'(0)|2 cos’ o

(-]
2|1_'(0)| cos”“ o

2|g(0)|z cos’ & tana

Substituting y=0into y = xtana -

x=0orx=
8
_ 2|13(0)|2 sina cosa
B g
_|w0)f sin2ex
g
2.,
. Greatest height occurs at x = |g(0)|2—gsm2a
2 . B 2 .
Greatest height is: y = M Xtano— § X |‘-'(0)| sin2a
28 2|W(0)[ cos® @ 2g
_|g(0)|22sinacosax sna g : |v(0)|" x 4sin” azcos’ &
- 2g cosa 2||3(0)|2 cos’ a 4g°
_|v0)' sin* & _|w(0)['sin’
g 28
_|v0) sin’a
= =
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PROJECTILE MOTION

Time of flight

In the typical case, the time of flight is the time taken for the projectile to return to the ground.
This is when the vertical component of 7(t) is equal to zero.

y=|1_y'(0)|sinal-%glz
v(0)|sinat - Lgt? =0
v 38

r(lt_'(o)lsina—%gr)=0

2|1_'(0)|sina
t=——=~

t=0 or
g
o 2|v(0)|sinex
.. Projectile returns to the ground when t = ————
Range of flight
The range is the horizontal distance from the point of projection to the point where the particle hits the ground.

2|v(0)|sinax

It is the value of x, the horizontal component of r(t) when t = w
2|v(0)|si

r=—|g( )|sma: x=|g(0)|cosat

g .
=|g(0)|cgsaxw
w0 sin2e

£
2.
. Range: R =|'V(0)|%2a

This result is also implied when finding the greatest height using the equation of the trajectory. It is double the
horizontal distance to the greatest height, which makes sense when you consider that the trajectory is a parabola.
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PROJECTILE MOTION

Maximum range s
A 5 |¥(0)|" sin2ax
For a given speed of projection | v(0) _—

, the equation R = defines the range R as a function of the angle of

projection ¢ This function has its greatest value where sin 2a=1 or a=45°,

2
Thus the greatest range of the particle occurs where = 45° and is given by: R, = M

Example 10
In Example 9, you found that v(0) = 50v/3i +50}, v(t) = 50y/3i +(50—9.8t)j and r(t) =50\/3ti +(50 = 4.9¢% ) j.
Use this information to find:

(@) the equation of the trajectory

(b) the greatest height reached

(c) the time of flight and the range of the flight.

Solution
(@ r(t)=5031ti+(50t = 49¢%) j: x =50\31, y =50t = 4.9¢7

2
Hence t = —>— so =50><L—4.9X(L)
N 503 503

(b) v(t)= 50\/51' +(50=9.8t) j: Greatest height occurs when 50-9.8t =0

|2

250

==—s5

=98~ 19

=l

2
y =50t —4.91% Greatest height is y,... =50><%-4.9x (%

_ 12500 _ 49x250°
49 49*

=127.55m
(c) y=50t —4.91% Time of flight when 50t —=4.9¢* =0
1(50-491)=0

t=0 or t=i
49

Time of flight is 10.2.
For the range, substitute t = % into x =50/3: Range = 50/3 x :—g =883.7m

You can see from the calculations above why you are often given g=10ms™ rather than g=9.8 ms™.

A particle is not always projected from level ground, so you will usually need to draw a diagram to show all the
given information and so you can form the appropriate vector for a(t) and the initial conditions for v(t) and r(t).
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PROJECTILE MOTION

Example 11
A particle is projected from a window 9 metres above the
horizontal ground at an angle & to the horizontal, where

tan o= %, with an initial velocity of 20ms™. Use g= 10ms™.

(@
(b)
()
()

(e)
®

Write v(0) and r(0) in component form.
Find v(t) and r(t).
When does the particle hit the ground?

What is the horizontal distance from the base of the
building to where the particle hits the ground?

20ms™!

(o] Ground level

What is the maximum height of the particle above the ground?
What is the Cartesian equation of the path of the particle?

Solution

@)

(b)

: 3 4
sin =3, cos =1, |v(0)| = 20:
v(0) =20cosai +20sinaj
ON epous I
—20x51+20x51
=16i +12j a
t=0,x=0,y=9:r(0)=0i +9;j
a(t)=-gj

()

(e)

= —102
Integrate a(t) with respect to t: ¥(t) = IQ('M‘

=-[10jar
=c-10tj
v(0)=16i +12j:16i +12j =¢
v(t)=16i+12j-10tj
=16i +(12-10t)j
The particle hits the ground where y=0:
9+12t=5=0
(3+51)(3-1)=0

t=-% or t=3

Ast 20, t =3 and the particle hits the ground
after 3 seconds.

The maximum height occurs when the vertical
velocity is zero: 12 =10t =0

t=12s

Find y when t=1.2:
y=9+12x12-5x12"=162m

Integrate v(t) with respect to :
r0)= [ vyt
= J(l6i+(12-101)j)dl
=16ti +(12t=51*) j+d
r(0)=0i+9j:9j=d
r(t)=16ti+(12t=56*) j+9;
=16ti +(9+12t=5¢7) j
(d) Findxwhent=3:x=16X3=48m

The particle hits the ground 48 metres
from the base of the building.

(0 r(t)=16ti+(9+12t-5¢*)j:
x=16t, y=9+ 12t =51
2
t=2.y=9+12xX - x(i)
RN T [T

Co.3x 5x%
y =9+ =35
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PROJECTILE MOTION

Example 12
A particle is projected horizontally from the top of a cliff 20 m above y
the water, with a velocity of 30ms™. Use g= 10ms™.
(@) Write v(0) and r(0) in component form. > e =
(b) Find v(t) and r(1). om
() When does the particle hit the water?
(d) How far from the base of the cliff does the particle hit ' Water level (x,-20)
the water?
Solution .
(@) Horizontal velocity, (b) a(t)=-gj
so v(0) =30i + 01' Integrate a(t) with respect to £: v(t) = Ig(t)dr
The top of cliff is taken as the
origin, so r(0)=0 = I-gjdt
The particle hits the water when ==gtj+c
y=-20m. v(0)=30i+0j: 30i =¢
v(t)=30i-gtj
Integrate v(t) with respect to £: r(t) = I v(t)dt
= j(wg-grj)d:
=30ti-391%j +d
r(0)=0:d=0
r(t)= mri-%gtli
- x=30t=30x2=60m
2=40 The particle hits the water 60 metres from the base
g of the cliff.
0.2 =40 _
g=10:1" = 10 4
t=2ast20
The particle hits the water after
2 seconds.

Note: If there is no vertical component of projection, then the velocity of projection does not affect the time taken
to reach the water. If you drop an object and at the same time throw another object horizontally, you will notice that
both objects reach the ground at the same time (assuming that air resistance is not significantly different for the
objects). In both cases the vertical motion is governed by y = —% gt?, independent of any horizontal motion, just as
in the previous example.
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PROJECTILE MOTION

Example 13
A particle is projected from ground level and 1.5 seconds later it just clears a wall 3.75 metres high
at a horizontal distance of 36 metres. If the initial velocity is |v(0)| —|cos ai +sinaj | ms~" and
r(t) =|v(0)|t cosai+ (| v(0) |t sinx—=5¢7) j:

@

Calculate the initial velocity and the angle of projection.

(b) Find expressions for r(t) and v(t) in component form. (c) Find the range.

y

Solution

@

(b)

t=15,x=36,y=375r(t)=|v(0)|tcosexi +(|v(0)|tsina-5¢7) j
Hence x =|v(0)|tcose and y =|v(0)|¢ sinex - 5¢*

Solve simultaneously to find the angle of projection .

t=15, x=36: 36 = 1.5|v(0)|cosax 1)
t=15,y=3.75:3.75=15|v(0)[sina@ = 5x 1.5
15 = 1.5|v(0)|sinex (2]

15 _ 15|(0)|sine
(2] -+ [1]; 36_1.5|g(0)|cosa

5
tana ==
a=2237

To calculate the velocity of projection lv(0)| substitute into [1]: cos(e) = —, astana =

36 _ 12

15 =[x 73

|v(0)|=—x%=26ms

;(:):26:cosai+(26:sina-sr’)j () y=0:10t=5¢=0

56(2-1)=0
-26rx—x+(26tx——5t )] t=2s
x=24X2=48m

=24t£+(10t-5( )l The range is 48 metres.

Differentiate r(t) with respect to t:
v(t)=24i +(10-10t) j
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PROJECTILE MOTION

Example 14
A stone is thrown to hit a small object sitting on r P
top of a wall that is 20 metres horizontally from
the point of projection and 5 metres high. If the Oms!
stone is thrown from ground level with a speed e
of 40ms™", show that there are two angles of A
projection that will allow the object to be hit. '
The position vector of the particle is given by '
r(t) =|v(0)|t cosai +(|v(0)|tsin—5¢*) j where [v(0)|  ©
is the initial velocity and & the angle of projection from the horizontal.
Solution
|¥(0)| = 40, r(t) = 40t cosai + (40t sinax—5¢* ) j, x =20,y =5.
x=20: 40tcos ax=20
—_1
2cosx
y=>5: 40tsin ¢ =5 =5 (1)
1 1 1y
Substitute t = into [1]: 40sinar x -5( ) =
2cosa 2cosa 2cosa
20tang-—>——=5
dcos” o
80tana—5sec’ =20 (2]

Substitute the identity sec” &= 1+ tan” e into [2] to solve for a: 80tana-5(l +tan’ a) =20
Stan’ ¢ =80tana+25=0
tan’ @-16tana+5=0

Quadratic formula: tane = 161y256-20 “225'6-20
_16+4/236
2

=8+59
tanax=15.68 or 0.3189
o =86°21" or 17°41’
There are two angles of projection that allow the object to be hit, 17° 41" and 86° 21".
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