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A quantity has exponential growth when it increases by a constant percentage of its whole 

over a given period of time. This means that the larger the quantity at the start, the bigger 

the increase will be (e.g. if a country of 100 million people and a country of 10 million people 

are each growing their populations at an annual rate of 10%, then the first country’s 

population increases by 10 million next year while the second country’s population 

increases by only 1 million. 

Exponential decay is when a quantity decreases by a constant percentage of its whole over a 

period of time. 

Exponential growth 

𝑓(𝑥) = 𝐴 𝑒௞௫ 
where 𝑘 is a positive constant 

Exponential decay 

𝑓(𝑥) = 𝐴 𝑒ି௞௫ 
where 𝑘 is a positive constant 

 

 

 

Differentiating  𝑓(𝑥) = 𝐴 𝑒௞௫  gives  
ௗ௙

ௗ௫
= 𝐴 𝑘 𝑒௞௫  which simplifies as  

ௗ௙

ௗ௫
= 𝑘 × 𝑓(𝑥) 

ௗ௙

ௗ௫
  is called “the exponential rate of change”. 
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This means that exponential growth occurs when the rate of change of a quantity 𝑦 with 

respect to another quantity 𝑥 is proportional to 𝑦. 

 the rate of growth of a colony of bacteria is proportional to the number of bacteria N 

present at any time, i.e. 
ௗே

ௗ௧
= 𝑘𝑁 

 the rate of growth of a financial investment earning interest compounded at regular 

interval, i.e.  
ௗூ

ௗ௧
= 𝑘𝐼 

 the rate of decay of a radioactive isotope is proportional to the mass of that isotope 

present at any time, i.e.  
ௗெ

ௗ௧
= −𝑘𝑀 (the negative sign indicates decay, i.e. the amount 

reduces over time) 

 the rate of cooling of a body is proportional to the difference between the temperature of 

the body and the temperature of the surrounding medium, i.e.  
ௗఏ

ௗ௧
= −𝑘𝜃  where 𝜃 is the 

temperature difference at any time (this is Newton’s law of cooling) 

 the rate of decrease of atmospheric pressure with respect to height above sea level is 

proportional to the pressure at that height, i.e.  
ௗ௉

ௗ௧
= −𝑘𝑃 

 light passing through a transparent medium loses its intensity; the rate of loss of light 

intensity with respect to the distance is proportional to the light’s intensity at the 

distance, i.e.  
ௗூ

ௗ௫
= −𝑘𝐼 

 

Equations such as  
ௗ௙(௫)

ௗ௫
= 𝑘 𝑓(𝑥)  which contain a function and its derivative (i.e. 𝑓(𝑥) and 

ௗ௙(௫)

ௗ௫
) are called differential equations. 

 

In  𝑦 = 𝐴 𝑒௞௫  , it is important to understand the role played by the constants 𝐴 and 𝑘: 

 at 𝑥 = 0, 𝑦 = 𝐴 𝑒௞×଴ = 𝐴 𝑒଴ = 𝐴 so if 𝑥 > 0, then 𝑨 is the initial value of 𝒚 

 because 
ௗ௬

ௗ௧
= 𝑘𝑦, 𝒌 is the growth rate and influences the slope of the curve. 
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Note: the time taken for half of an amount of radioactive substance to decay is called the 

half-life of the substance.


