RECURRENCE RELATIONS

Integration by parts can also be used to find a recurrence relation that will allow the evaluation of an integral. Given

b
i = (x)| dx, you find a relationship of the form I =kI
.= [ ol dey p i

pWhere I

= ‘Lb[f(x)]"—l dx. After I or another of

the other easy I integrals can be found, the recurrence relation is then used to evaluate the original integral.

Example 29
Find the recurrence relation for J‘cos'l x dx and use it to evaluate: Iﬂos‘ xdx
0

Solution
Letl = Icos" xdx and write cos"x= cos" ' x X cosx:

I = J‘cos"'l xcosx dx

1

Let u=cos" ' x, % = cosx. This gives % =(n-1)cos" > xx(-sinx), v=sinx.

Hence: I = Icos" xdx =cos"™" x x sinx +(n -l)jsinzxcos"’zxdx
I = cos™™! xs'mx+(n-l)j(l-coszx)cos"'zxdx
= cos""xsinx+(n—l)jcos"'zxdx-(n-l)jcos"xdx
I = cos™™! xsinx+(n—l)J‘cos"'2xdx-(n-l)I.
(1+n=1)I =cos""Jcsimr-f-(n—l)ln_2
nl, =cos""xsinx+(n—l)l_

-2

+
n n

This relation between I and I _, is a recurrence relation.

n-1 o
I"=c°s xsinx n-lI"_2

z z

Toﬁndjzcos‘xdx,write: I‘=chos‘xdx
0 0

From the recurrence relation for n =4, we have:

and

Irs_nxm S
Thus: Iz=‘i[XB-=T andso I =II

Hence: J cos® xdx ==X
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RECURRENCE RELATIONS
Example 30

(@ LetI = [ tan"tdt where0< x<Z.Showthat I =— -tan"'x~1 _
8 0 2 n pn-1 n=2

F 4
(b) Hence find the exact value of: J“ tan’ t dt
0
Solution
(@) Write tan"t=tan’t x tan" "t = (sec’ t = 1) tan" > ¢. Thus:
1= Ixtan" tdt= r(sec’ t=1)tan" > tdt
0 0
= rseczt tan" " tdt - rtan"" tdt
0 0
= jxseczt tan"rdt -1,
0
Now consider: Jﬂ sec’t tan" 2 tdt
0

It is tempting to try integration by parts here, but using the substitution u = tant is much easier.
Let u=tant so that du =sec’tdt. Limitsare t=0: u=0 t=x: u=tanx

X tanx
j seczltan"'ztdt=j " du
0 0
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RECURRENCE RELATIONS

Example 31

Obtain a recurrence relation for | e** cos bxdx and use it to find Ie” cos4xdx.
(This example is just outside the scope of this course, but it is worth looking at as a demonstration of

just how useful this process can be.)

Solution

Write: I= Ie‘“ cos bx dx

Let u=¢", %=cosbx.'lhisgives%=ae“. v=-}’-sinbx.

~I= Ie"‘ cosbxdx=%e“sinbx-%je‘" sinbx dx

Now write: H=J‘e‘x sinbx dx

Letu=e® 94— sinbx. This gives % = ae™, v=-Lcosh
u=e", = sinbx. This gives 7= =ae™, v=-cosbx.

~H= je" sinbx dx =—%e“ cosbx+£—]e“ cosbx dx

Substitute this expression for H into the expression for I:
I= Ie‘" cosbx dx = -ll,-e“ sinbx-%(--ll,-e‘“ cosbx +%J-e"‘ cosbxdx)

1 ax . a ax az
I--b-e smbx+b—2e cosbx FI

2
(l + :—2)1 = %e" sinbx + b%e" cosbx

2
s I= Ie“ cosbx dx = bzi =

(-ll’-e" sinbx + b%e" cosbx) +C

= #(bsinbx +acosbx)+C
a
et

In Je” cos4xdx you have a=3 and b= 4, thus: Ie" cosdxdx = 75 (4sindx +3cosdx)+C
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