SOLVING TRIGONOMETRIC EQUATIONS USING ANGLE FORMULAE AND THE t-FORMULAE

Example 6

Solve the equation 2sin (x + 5?”) =sinx, for0<x<2m
Solution

2(smxcos—+ COS X sms?”) =ISinY

2sinx X (-g) + 2cosx X % =sinx

—VJ3sinx+ cosx=sinx

(1+ \/3) sinx = cosx
1

Nt
x=0.3509, =+ 0.3509

x=0.351, 3.493

tanx =

Example 7
Solve for0 < x<2m: (@) 4cosx=cosecx (b) cos4x —cos2x=0
Solution
(a) 4 cosx = cosec X (b) cos4x — cos2x=0
4cosx=,L 2cos’2x—1—cos2x=0

LA 2cos’2x—cos2x—1=0

4sinxcosx=1 (cos2x—1)(2cos2x+1)=0

25§n122x=(1)5 cos2x=1, cos2x=-0.5 PE—
sin2x = n 4n 8m 10x
2 =02 = —_—
Soo X 57 137 171 ATOERAR I =t migig
66 6 6 x=0,% 2% . 4% 5% 5,
_ & 57 13x 17 3°3 3°3
T12°12° 127 12 This equation could also have been solved by writing
COs4x = COos 2x.

Example 9

(@) Use the expansion of sin (20 + 6) to obtain an expression for sin 36 in terms of sin 6.
(b) Hence find the roots of 4x’ — 3x + 0.5 =0.

Solution
(a) sin30=sin(20+6) (b) Let x=sin®: 4sin’ @—3sinO+0.5=0
=sin260cos @+ cos2Osin O 3sin@ —4sin’ 6=0.5
=2sin @ cos O cos @+ (1 —2sin’ 6) sin O sin36=l
=2sin O cos’ O+ sin O— 2sin’ O
=2sin @ (1 — sin’ @) + sin @ — 2sin’ @ 30= E’S_rt’l.%_zr’l?_zt’ZS_zr’Zﬁ)_n
=2sin@ — 2sin’ @+ sinO— 2sin’ O 66" 6 "6 6 6
sin30=3sin@ —4sin’ 0 g=X X LK 1K 2o8 DX

T18°18° 18 ° 18 ' 18 ’ 18
51 257

=sin~. sin>2%. sin 2%
Hence the roots are x = sin 18° sin 18° sin 18
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SOLVING TRIGONOMETRIC EQUATIONS USING ANGLE FORMULAE AND THE t-FORMULAE

Example 8

Solve for 0 < x<2m: (@) cos3x=cos2xcosx (b) sin7x — sinx = sin3x

Solution
(@) cos3x=cos2xcosx

cos3x= %(cos 3x+ cosx)

2c0s3x=cos3x+ cosx

COs3x=cosx
3x=x,20— X200+ X, 4T — X, 4T+ x, 6 — x, 6T+ x, 8T — X
2x=0,2m 4m, 6 or 4x=2m 4nm 6m, 81

x=0,m2r or x-?m:’; 2r
The solution is x =0, 2,7:,37” 2

(b) sin7x — sinx = sin 3x
2 cos4x sin 3x = sin 3x
sin3x(2cos4x—1)=0
sin3x =0, cos4x=0.5

— _& 5t 7z 11z 13z 177 197 23@
3x=0, m, 2x, 37, 47, 5m, 6T or 4x—3,

3’3’3’ 3°3°3°3

_o Tt 21w 4_7:5_7: n Sk 7w 117t 137r 177r 197t 231

=0 R O R R R 212 12

=0 x n5rx 7x 2x llx _ 137 4m 17x 197 57 -
12°3’12°12° 3’127 127 37 120 12 3

Example 10
Solve 5cos 8- 2sin 6 = 2 for 0°<6<360° using the ¢ formulae.

Solution

2

t=tang,sin9=iz,cos0=—l-t2,tan9= 2'2_

- 1+t 1+t 1—t

itute i i 1-¢ 2t _
Substitute into the equation: 5x > —2X ~=2

1+t 1+t
Simplify: ~ 5-5¢ —4t=2+2¢
78 +4t-3=0

(7t=3)(t+1)=0
=3 _
t-7, 1

=23°12’, 180° — 45°

(4
2

6=46°24', 270°.
Test whether 8= 180° is a solution: LHS = 5¢c0s180° — 25in 180° ==5 — 0 # 2
This equation could also have been solved using the auxiliary angle method.

0°<

0
< o.
> < 180°:
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Example 11
(@) Show that sin (A + B) + sin(A — B) =2sin A cosB.
(b) By using suitable substitutions for A and B, show that sinx + siny = 2sin (%) cos (u)

2
(c) Hence solve sin2x + sindx=sin6xfor 0 < x < .

Solution
(@) LHS =sinA cosB+ cosA sinB + sin A cos B — cos A sin B
=2sinA cosB
(b) Letx=A+Bandy=A-B.
Adding these equations: A = “Ty Subtracting the equations: B = _x;_y_

Substitute these results in (a): sinx +siny = Zsin( bodaab 4 ; 4 ) cos ( & ; Y )

(c) Use the result in (b) on the LHS: sin2x + sin4x = 2 sin 3x cos(—x) = 2sin3x cosx
Use the double angle formula sin 2x = 2sin x cos x on the RHS:  sin6x = 2sin 3x cos 3x
2 sin 3xcos(—x) = 2sin 3xcos 3x
2sin3x cosx = 2sin3x cos3x (cos x is an even function, so cos (—x) = cos x)
2sin3x (cosx — cos3x) =0
sin3x=0 or cosx—cos3x=0
3x=0,m 2w, 3T or cos3x=cosx

x=0,%,27”,7t or 3x=x,2m—x,2m+x,47T— X
2x=0,4x=2, 2x=2, Ax=4%
-0
x—0,2,7r
PN A ' 1
Solution is x =0, 323 > TT.

Example 12

Solve the equation cos4x +sin3x=0for0<x <.

Solution
Rewrite equation: cos 4x = —sin 3x

Sine is an odd function, so: —sin 3x = sin (—3x): cos4x = sin (—=3x)

Use sin 8= cos(% - 0) to rewrite equation: cos 4x = cos (% + 3x)

4x=£+3x,27t—(£+3x),27t+(£+3x),47t—(£+3x),67t—(£+3x),87t—(£+3x)

2 2 2 2 2

_& ., 3% __5x . _7x Nz 151

x—2,7x— 2,x— 2,7x— 2> 3 5
n 3xr © 1ln 15&¢

¥=2'14°2" 14 14

As 0 < x < &, the solution isx=%,% or iz

14 -
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