USING PARTIAL FRACTIONS TO FIND INTEGRALS

You are now going to use this technique to find and evaluate integrals.

Example 14
el dx 2x =1

Find: @ [ O (e
Solution

, S 1 _a b _alx=1)+b(x-2)

@ Pactisl fractong: ) 2=2 2= (x=2)z=1])
Equate numerators: l=a(x=1)+b(x-2)
Letx=1: 1==b Sb=-=1
Letx=2: =]
_ dc  _f[1___1
KA j(x-Z)(x-l)-.[(x-Z x-l)dx
=log, (x=2)=log (x-1)+C
2
=log, 117 €
: S 2x -1 _a b _alx=3)+b(x+2)
(b) Partial fractions: (x+2)(x-3)_x+2+x—3 =T+ 2)(x-3)
Equate coefficients: 2=a+b (1]
-1==3a+2b (2]
Rewrite [1): b=2-a
Substitute [1] into [2): =1=-3a+4-2a
5a=5 sa=1
Substituteinto [1): b=1
. _ 2x=1
e O e j (x+2 x- 3)dx

=log,(x+2)+log (x=3)+C
=log,(x+2)(x=3)+C
=log, |(x +2)(x=3)|+C
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USING PARTIAL FRACTIONS TO FIND INTEGRALS

Example 15

Find: (a) j 1-2x

Solution

(@) Partial fractions:

Equate coefficients:

Rewrite [1] and [2]:

Substitute into [3):

Hence:

(b) Partial fractions:

Equate coefficients:

Rewrite [2] and [3]:

Substitute into [1]:

Hence:

(x+2)(x* +1)

1-2x __a

x? +4x

®) j(x =1)(x* +4)

bx+c _ a(x’ +1)+(bx +c)(x +2)

(x+2)(x>+1) X+2 x241

(x+2)(x*+1)

_ ax® +a+bx® +2bx +cx + 2¢
(x+2)(x* +1)

. (a+b)x> +(2b+c)x+a+2c
(x+2)(x* +1)

O=a+b (1)
-2=2b+c (2]
l=a+2c (3]
b==-a, ¢=-2-2b
c==2+2a
l=a—-4+4a
a=1 = b==1, ¢c=0
1-2x 1 x
—_—dx= || ——= - )dx
I(x+2)(x2+l) I(’”Z X +1
= log, (x +2) - log,(x* +1)+C
x+4x _a bx+c=a(xz+4)+(bx+c)(x-l)

(x=1)(x*+4) x-1 x744 (x=1)(x*+4)
_ (a+b)x* +(c=b)x+4a-c
- (x=1)(x* +4)

l=a+b (1)

4=c-b 2]

O0=4a-c (3]

b=c-4,c=4a

b=4a-4

l=a+4a-4

a=1 b=0, c=4

x*+4x 1 4
I(x—l)(x2+4)dx_I(x'l+x2+4)dx

=log, (x=1)+2tan™ Z+C
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USING PARTIAL FRACTIONS TO FIND INTEGRALS

Example 21

Solution

Letl=tangsolhatcose=l—'; and df = szl.
2 141 1+t

do _ [1+t* 2 _dt
s ) 1_¢ Tar

= [ L

Partial fractions: (m + —) dt

Hence:

=log, |1 +1|-log,1-t|+C

l+l +C

1+tang

=log, 3 +C
1—(3]‘15
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USING PARTIAL FRACTIONS TO FIND INTEGRALS

Example 22
Find jm using the substitution = tan x.
Solution
2
sin2x = 2'2, cos2x = - '2
1+t +t
You must recalculate the expression for dx, as { = tan x not tan %:

%-sec x=l+tan’x =141

dt J dx =j 1 X dt
Hence dx = T sin2x + cos2x 2t l-t 1+¢°
1417 l+l

=I dt

142t =17

=J' dt
2=(t2=2t+1)

=J‘ dt
2-(t-1)

_ dt
'j(ﬁ-(r-l))(ﬁm-l))

_ 1 1 1
‘mj[(ﬁn_.)*(ﬁ-m)]‘”
( log, |~/_+1-t|+log |J_-1+t|) +C
2 -1+

32+l—t

ﬁ-—l-htanx
+C
s/f+l-tanx

- & gk

+C

log,

log,

Note: When using a substitution of ¢t =tan f(x), f(x) 22 3 , differentiate the substitution to find the link
between dx and dt.
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